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PREFACE 


In this ever-changing world, the concept of life and livelihood is changing every moment. This process 
of change has been accelerated due to the advancement of technology. There is no alternative to adapting 
to this fast changing world as technology is changing rapidly ever than before. In the era of fourth 
industrial revolution, the advancement of artificial intelligence has brought about drastic changes in 
our employment and lifestyles that will make the relationship among people more and more intimate. 
Various employment opportunities will be created in near future which we cannot even predict at this 
moment. We need to take preparation right now so that we can adapt ourselves to that coming future. 


Although a huge economic development has taken place throughout the world, problems like climate 
change, air pollution, migrations and ethnic violence have become much more intense nowadays. The 
breakouts of pandemics like COVID 19 have crippled the normal lifestyle and economic growth of the 
world. Thus, different challenges as well as opportunities, have been added to our daily life. 


Standing amid the array of challenges and potentials, sustainable and effective solutions are required to 
transform our large population into a resource. It entails global citizens with knowledge, skill, values, 
vision, positive attitude, sensitivity, adaptability, humanism and patriotism. Amidst all these, Bangladesh 
has graduated into a developing nation from the underdeveloped periphery and is continuously trying 
to achieve the desired goals in order to become a developed country by 2041. Education is one of the 
most crucial instruments to attain the goals. Hence, there is no alternative to the transformation of our 
education system. This transformation calls for developing an effective and updated curriculum. 


Developing and updating the curriculum is a routine and important activity of National Curriculum and 
Textbook Board. The curriculum was last revised in 2012. Since then, more than a decade has elapsed. 
Therefore, there was a need for curriculum revision and development. With this view, various research 
and technical studies were conducted under NCTB from 2017 to 2019 to analyze the current state of 
education and identify the learning needs. Based on the researches and technical studies, a competency- 
based and seamless curriculum from K-12 has been developed to create a competent generation capable 
of surviving in the new world situation. 


Under the framework of this competency based curriculum, the textbooks have been prepared for all 
streams (General, Madrasah and Vocational) of learners for Class Nine. The authentic experience-driven 
contents of this textbook were developed with a view to making learning comprehensible and enjoyable. 
This will connect the textbooks with various life related phenomenon and events that are constantly 
taking place around us. It is expected that, through this, learning will be much more insightful and 
lifelong. 


In developing the textbooks, due importance has been given to all — irrespective of gender, ethnicity, 
religion and caste while the needs of the disadvantaged and special children are taken into special 
considerations. 


I would like to thank all who have put their best efforts in writing, editing, revising, illustrating and 
publishing the textbook. 


If any errors or inconsistencies in this experimental version are found or if there is any suggestions for 
further improvement of this textbook, you are requested to let us know. 


Professor Md. Farhadul Islam 
Chairman 
National Curriculum and Textbook Board, Bangladesh 


Dear Students 


Welcome to the ninth grade students of secondary level. National Curriculum and 
Textbook Board, Bangladesh has planned to develop new textbooks for all secondary 
level students. In continuation of this, the new mathematics book of class 9 has been 
written. Fundamental changes have been made in the book’s presentation, decoration, 
topics and teaching-learning methodology of mathematics. Surely you have various 
curiosity about these changes and innovations in class 9 books. 


In experiential learning method it is very im-portant to link the subject matter with real 
life ex-perience. In this context two aspects have been giv-en utmost importance while 
preparing the book suitable for students class IX. First, they will have the opportunity 
to solve mathematical problems through hands-on work by observing the objects 
and events of the familiar environment around them. Second, they can acquire the 
techniques of using mathematical skills in various tasks of daily life. 


A total of nine learning experiences are planned in this book of class 9 . You will 
participate in these experiences by mathematically analyzing and solv-ing real-life 
problems. Each learning experience is presented step by step so that you can master 
mathematical concepts and skills through active participation and use of real materials. 
This jour-ney of learning mathematics through mathematical inquiry will be as enjoyable 
for you as you will dis-cover for yourself the relation of mathematical concepts to 
real life. 


The teacher will give you full support in all activi-ties inside and outside the classroom. 
We also hope that you will be supportive of each other as you participate in the various 
activities of this learning program and explore different topics of mathemat-ics with 
your classmates. You will always remem-ber that when all of you have a cooperative 
spirit you can do any task successfully. We hope this book will play an important 
role in ensuring an effective and enjoyable learning journey for you in the world of 
mathematics. The textbook will serve as a helpful resource for you. 


Good luck to you all. 


Index 


Name of experiences Page No. 
Sets in daily life 1 - 28 
Sequence and series 29 — 58 
Concept and Application of Logarithm 59 — 80 
Polynomial Expression in Nature and Technology 81 -— 112 
System of Equations in Real World Problems 113 -— 140 
Trigonometry in Measurement 141 - 156 
Trigonometry for Angular Distance 157 — 178 
Measuring Regular and composite solids 179 — 210 
Measures of Dispersion 211 - 235 


Sets in Daily Life 


You can learn from this experience- 


Concept of sets 
Types of sets 
Operations of sets 
Venn diagram 
Cartesian product 


Application of sets 


e Can Fly 


e collects nectar 
e makes hives in 
open space 


\ e moves by walking 
| e hunters in nature 
| e makes anthills 


inside soil 
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Sets in daily life 


You are given a set of books on being promoted to a new class. When you started class 
VII, what books were included in the set of books you were given? Write in the blank 
space below 


Set of books of class VIII: > 


Think about the last time you used coloured pencils, what colours were in your set of 


coloured pencils? 


Colours in a set of coloured pencils: 


Many of you must love to play or watch cricket. Below is a picture of a set of cricket 
playing equipments. Look at what are in the set and write in the blank next to it: 


Set of cricket playing equipments: 


By now you can understand that we are discussing sets of different things. You have 
seen the set of textbooks, color pencils, cricket equipment etc. A set can be of as many 
students as there are in your class. The colors of the national flag of Bangladesh can be a 
set. A set can also be made of whatever is on your reading table. These are real objects. 
Abstract objects can also be in sets. For example, the set of names of the players in 
your school’s football team. There can also be different sets of numbers, for example, 
the set of integers. 


Mathematics 


Ga > 
Let’s know 


German mathematician Georg Cantor (Georg Ferdinand 
Ludwig Philipp Cantor) is known as the father of set 
theory. He was born in Russia. Cantor and his lifelong 
friend Richard Dedekind agreed after exchanging letters 
that a set is a collection of finite or infinite objects that have 
a certain property and each object retains its uniqueness. 


\ ) Georg Cantor 


Then we can say, 


A specific collection of different objects, real or abstract, is called a set. 


1.1 Importance of sets in mathematics 


By now you may have started wondering what is the importance of sets in mathematics? 
A careful consideration of the following example will make this clear to you. 


Example 1 


Sixteen students of Mitu’s school participated in a local Mathematical Olympiad, 
where students were given various quizzes to test their intelligence with a total score 
of 100. Based on the results, it was decided who among them would go to the National 
Mathematical Olympiad. Students who secured more than 60% marks would represent 
the school at the national level. 


Name Score Name Score Name Score Name Score 
Sagor 58 Dipti 45 Koli ay Maruf | 50 
Kamal | 72 Avijit 63 Tribijoy | 74 Andrew | 76 
Mitu 79 Jeba 90 Choity | 81 Akash | 59 
Selim 33 Rowson |35 Nahar 78 Tasnim | 80 


Now, if we express the set of scores more than 60% by A and less than or equal to 60% 
by B, we get, 
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A= {72, 79, 63, 90, 77, 74, 81, 78, 76, 80} 
and 
B= {58, 33, 45, 35, 50, 59} 


What do we understand from this? Notice that we can understand the following 
matters clearly. 


¢ More than half of the students got more than 60%. 
¢ About one-third of the students got less than 60%. 
¢ Scores less than 60% are between 33 and 59. 


What other matters can be understood from these sets? Write in the blank space below 


a 


Sq 


Note, in the above example we created two different sets based on a condition of 
some mathematical data. Now tell me what other decisions can be made to improve 
the skills of the students participating in Math Olympiad? Suppose we can draw the 
following conclusion. 


The school and the mathematics teachers need to take urgent measures to improve the 
mathematical understanding of students whose scores are in the B set. 


One such decision was made because we divided the students into two sets. Did you 
understand the need for sets through this example? 


By set we can denote a collection of similar mathematical or abstract data. By separating 
similar information or data, it is possible to gain a clear understanding of data processing 
and relevant issues. So let us try to know about one such important matter. 


1.2 Expressing the sets 


By now you know the definition and importance of sets. There is also a nice way to 
express the set. The objects that will be expressed are separated by commas inside the 
second bracket. For example, 


Mathematics 
The set of colours in the national flag of Bangladesh = {Green, Red} 


Work in pairs 

Express as a set: 
1. The set of books of all subjects in class eight = 
2. The set of colours in your colouring pencils = 


3. The set of cricket equipments shown in the figure = 


1.3 Method of writing sets 


e Sets are usually named using capital letters A, B, C, ..., X, Y, Z of English 
alphabet. 


¢ Inaset, the objects are called elements. Elements are usually expressed using 
small letters a, 6, c,..., x, y, z of English alphabet. 


¢ If B= {a, b}, elements of set B are a and b. The symbol to express elements 
is € , That is, a € B means that a is an element of set B or a belongs to B. 


¢ Ifcis not an element of set B then we write c ¢ B and it is read as c is not an 
element of B or c does not belong to B. 


Individual task: 

1. Construct the set of prime factors of 210 and write in the empty box below. 

‘a >) 
\ wf 
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Individual task 
2. If X= {5, 7, 9, 11, 13} write € or € in appropriate boxes below. 


sf |x 10 Xx \e] fy 
3] |x 13 Xx 


1.4 Methods of expressing sets 


As you can see, we can specifically express a collection of objects or numbers by 
means of sets. That is, it can be said precisely whether an object is an element of a set 
or not. For example- 


¢ A= {1, 3,5, 7, 9} is the set of all odd positive numbers less than 10. Here we 
can specifically say which are the elements of A. For example- 3 € A but 4 € A. 


* B= {a,e, i, o, u} is the set of vowels in English alphabet. Here i € B but b € B. 


Sets are expressed in two ways. Roster Method or Tabular Method and Set Builder 
Method. 


1.4.1 Roster Method or Tabular Method 


In this method, all elements of the set are separated by commas and written in second 
brackets. For example, 


*The set formed by numbers 1, 2, 3 : A = {1, 2, 3} 

The set of prime numbers: P = {2, 3, 5, 7, 11, ---} 

¢The set of even numbers: F = {--:, -8, -6, -4, -2, 0, 2, 4, 6, 8,---} 
1.4.2 Set builder method 


In this method all the elements of the set are expressed by specifice properties or condi- 
tions. For example, 


A = {x : x is an odd natural number} 


Notice that, there is a ‘:’ (colon) after x. The sign ‘:’is meant ‘such that’. Since in this 
method rules are given for determining the elements of the set, this method is also 
called Rule Method. 


Example 1. Express the set A = {0, 3, 6, 9, 12, 15} in set builder method. 


6 


Mathematics 
Solution: 


Here each element of the set is an integer, not less than 0, not greater than 15, and a 
multiple of 3. So in set builder method we can write, 


A= {x : x is an integer and multiple of 3,0 <x < 15} 


Example 2. Express the set A = {x : x is an integer, x’ < 25} in tabular method. 


Solution: Here each element of the set is an integer whose square is less than or equal 


to 25. The numbers are 0, +1, +2, +3, +4, +5. Therefore, in tabular method we can 
write, 


A = {0, 1, +2, +3, +4, +5} = {-5, -4, -3, -2, -1, 0, 1, 2,3, 4, 5} 
Individual task: 
1. Express the following sets using set builder method. 
a) A = {-28, -21, -14, -7, 7, 14, 21, 28} 
b) B= {0, 1, 2, 3, 5, 8,...} 
2. Express the following sets using tabular method. 
a) D = {x-x,is a multiple of 5 and less than 30} 
b) F = {x-x is a factor of 30} 


c) G = {x-x is a positive integer and x* < 17} 


d) H= {x:x7+3x+2=0} 


/ Examples of some special sets ) 


N_: Set of all natural numbers 
Z_ : Set of all integers 
QO: Set of all rational numbers 


R_ : Set of all real numbers 


Z’ : Set of all positive integers 
Q’* : Set of all positive rational numbers 
R™ : Set of all positive real numbers 
# 
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1.5 Types of sets 


1.5.1 Universal Set 


If elements of any set are collected from a particular set, then the particular set 
from which the elements are collected is called the universal set. The universal 


set is usually denoted by U. But the universal set can also be expressed with 
other symbols. For example, If we consider the set of all even natural numbers 
E= {2, 4, 6,...} and the set of all natural numbers NV = {1, 2, 3, 4, 5, 6,...} then N is 
the universal set of E. 


Example: The set A = {x, y} is from the set of English lowercase alphabet. So the set 
of English lowercase letters is the universal set of A = {x, y}. 


1.5.2 Finite Set 


A set containing a finite number of elements is called a finite set. For example- 
1. A= {2, 4, 6, 8} 
2. B={a, ei, 0, u} 
3. F = {x :x isa prime number and 30 < x < 70} 


The number of elements of set A and set B are respectively 4 and5. 


10) . 
Brain storm 


What is the number of elements in set F'? Write how did you determine in the blank 
space below. 


1.5.3 Infinite Set 


A set whose numbers of elements is not finite is called an infinite set. We cannot finish 
counting the number of elements in an infinite set. For example, 


a) A ={x-x is an odd natural number} 

b) Set of natural numbers N= {1, 2, 3, 4,...} 

c) Set of integers Z = {...,-3, -2, -1, 0, 1, 2, 3,...} 

d) Set of rational numbers O ={¢ - aand bare integers and b# o} 


e) Set of real numbers R 


Mathematics 


NAR Brain storm 


~~ Why are the above sets infinite? 


Team task 


Some sets are described in the left-hand column of Table 1.1 below. Your task is to 
decide whether each set is finite or infinite by placing a tick (-) in the correct blank. 
Also write your logic in the blank column on the right side. 


Table 1.1 
Serial Set Finite | Infinite Your logic 
| All odd numbers less than 10 


Rivers of Bangladesh 
Vowels of English alphabet 


Prime factors of 210 

B= {x:x isa factor of 30} 
D= {x :x°+3x+2=0} 
P= {2,3,5,7, 11, -::} 
A={xEN:0<x<1 } 
B={xE€O:x=-]} 


( > 
“ Brain storm 


While completing Table 1.1, were you able to determine the two sets at serial 8 and 
9? Write the number of elements in these two sets in the space below. 


a J 


OO} CO} DA] nm] BI] wy] dvd 


Number of elements in set 8 = 


Number of elements in set 9 = 


1.5.4 Empty Set 


The set which has no elements is called an empty set. It is denoted by @ or { }. For 
example - 
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A= {x:0<x<1 where x is a natural number}. 
Again, 
B= {x : x? =-1, where x is a rational number}. 


Think if It is possible or not. Write your answer in the space below. 


( a > 
\ >» Brain storm 
¢ The set of boys in a girl’s school is an empty set! 
¢ The set of prime numbers which are also squares in an empty set. 
¢ A= {x:x natural number, 8 <x? < 25} is an empty set. 
Now you and a classmate find five empty sets and write them . » 


1.5.5 Subset 


If every element of a set A is an element of another set B, then set A is called a subset 
of set B and is written A © B and read, A is a subset of B. Here © denotes the subset. 


Let A ={a, b}be a set. The elements of this set form the sets {a, b}, {a}, {b}. Again, 
the empty set @ can be formed without taking any elements. Here, every element of 
the set consisting of {a, b}, {a}, {b}, is an element of the set A. So, each of the sets 
that can be formed from a set is called a subset of that set. The set A is equal to {a, b} 
among the above subsets. Each set is its own subset. Again, the set @ can be formed 
from any set. So @ is a subset of any set. 


Ni.) 
| Think: Can a universal set be its own subset? 
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Mathematics 
( Verify ») 
1. Suppose, P= {1, 2,3}, O= {2, 3}, and R = {1, 3} 


a) QO and R are subsets of P, because 


b) QO is a subset of P. It is expressed as: 


c) P © P is this expression true or false? Give logic behind your answer: 


2 N © N.where N is the set of natural numbers. 
S 4 
1.5.6 Equal set 


Suppose, A and B are two sets, where 
A= {6,7, 8,9} and B={6, 9, 8, 7} 
Notice the elements of A and B. Are they the same? 


Can we claim that 4 = B? 


a 


\ 
170) 


Brain storm 


Think and answer with logic if the following claims are true or not. 


1AGB 


2.BGA 


If two sets have same elements, then they are called equal sets. If A and B are two sets 
where, A © Band B C A, then A and B are equal sets and we write A=B. 


EXAMPLE: 4 = {3, 5, 7} and B= {5, 3, 7} are two equal sets. Here, A = B because 
ACBandBEA. 


11 
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Again, if A = {3, 5, 7}, B= {5, 3, 3, 7} and C = {7, 7, 3, 5, 5} , the sets A, B and C 


are equal. That is, 4A =B=C 


Changing the order of the elements of the set or repeating an element does not 
change the set. 


( Check yourself! ) 


Elements of sets A and B are given below. Check which pairs contain equal sets. 
1.4 = {6, 7, 8, 9} and B= {6, 9, 8, 7} 

2.A = {4, 8, 6, 2} and B ={x : x is a positive even number and x < 10} 

eae = {-]1, -2} and B= {x :x°+3x+2=0} 


y 


1.5.7 Proper subset 


Each set is a subset of itself. Let A be a set. Any subset of A other than A is called a 
proper subset of A. The proper subset is denoted by the symbol C. So if B is a proper 
subset of A then we write B C A. That is, B © A but B # A. The number of elements 


of a proper subset formed from a finite set will be less than the number of elements of 
the given set. 


Example: Suppose, A = { 3, 4, 5, 6} and B = {3, 5} are two sets. Here B € A but B 
+ A. Therefore B is a proper subset of A. 


Problem: Write all the subsets of P = {x, y, z} and find out the proper subsets. 
Solution: Given that, P = {x, y, z} 

Subsets of P: {x, y, Z}, {x y}, {% Z}, 1 Zh, ix}, Wh, tz}, O 

Proper subsets of P: {x, v}, {x, z}, {y z}, {x}, {vy}, {z}, O 
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(ap » 


» Brain storm 
1. Which set is a subset of all sets? 


2. Which set has maximum only one subset? 


3. Suppose, A = {1, 2, 3}. How many subsets are there of A and what are they? 
4. Verify 2Z C Z, where Z is the set of all integers 


‘e 4 

e “ 
If there are 1 number of elements in a set then the numbers of subsets of that 
set is 2” and the numbers of proper subsets of that set is 2” - 1. 


% a 


( Verify and write in your notebook ” 
Suppose, P= {1, 2,3}, O= {2, 3}, and R= {1, 3} 

1. Are QO and R proper subsets of P? Give logic behind your answer. 
2. If O is a proper subset of P, we express this as: 

3. How many proper subsets of P are there? Find them 


S 4 


1.5.8 Set of sets! 


Suppose there are 18 boys and 22 girls in your class and 23 boys and 19 girls in 
class eight. 


Let A be the set of boys and B be the set of girls in class 9 where set C be the set of boys 
and D be the set of girls in class 8. Then in set builder method we can write, 


Set of boys in class 9, A= {x : x is a boy in class 9} 


13 
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Then, what would be the set of class 9 girls and sets of class 8 boys and girls expressed 
in set builder method? Write in the space below. 


(— >) 


a Es 
Now if we form a set _X with the set of boys and girls of class 9 and 8, then we can write, 


X= {A, B, C, D} 


Here X is a set of sets. In this case the set A, is an element of X. That is, A €_X. 


Example: 
X= {{0, 1}, {1, 2, 3},{0, 1, 3}} is a set of sets. Here {0, 1} € X but 0 EX. 


1.5.9 Power Set 
Consider a set A = {x, y}. Then the subsets of set A are {x, v}, {x}, {v} and @. Here 
the set of subsets is { {x, y}, {x}, {v}, O}, the power set of set A. So, the set formed by 
all the subsets of a set is called the power set of that set. The power set of A is denoted 
by P(A). 

Example: If A = {0, 1, 2} determine P(A). 

Solution: 

Here the subsets of the set A = {0, 1, 2} are: @, {0}, {1}, {2}, {0, 1}, {0, 2}, 
11,2} 40, 1,2}: 

Therefore, P(A) = {@, {0}, {1}, {2}, (0, 1}, {0,2}, {1,2}, 10, 1, 23} 
a » 
Work in pairs: Find the power sets of the following sets. One is done for you. 

1. A =@. Here A has only one subset @. Therefore, P(A) = {@}. 


2. B= {a}. 


3. Apen holder contains a pen, a pencil and an eraser. C is a set containing them . 


e 4 
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1.6 Number of elements of a set 


The number of elements in a set plays an important role in the use of sets. The number 
of elements of any set A is denoted by n(A). If A is an infinite set, then n(A) is denoted 
by oo. That is, if A is an infinite set, then n(A) = ©. 


Example: If 4 = {0,1,2,3}, n(A) =4. 
Grisiiitalince a 


i= tO ach | | ia en | | 
3. If A= @, n(A) = | | 4. If Nis the set of all natural numbers, n(N) = | | 


q dj 


Now let’s look at the number of elements in the power set. 


Note: If the number of elements of a set is 7, the number of subsets of that set 
will be 2”. So, the number of element s in the power set will be 2”. 


Individual task 


If A = {0, 1, 2, 3} , determine P(A). Show that number of elements in, P(A) is 
2*= 16. 


1.7 Operation of sets 


In the case of numbers, there is addition, subtraction, multiplication, division. These 
are called arithmetic operations. Similarly, there are operations for sets. One or more 
sets can be constructed from another set. Now we will discuss set operations. 


1.7.1 Union of Sets 


As you noted earlier, elements of two sets can have similarities and differences. Some 
operations can be done between the sets to make decisions based on these similarities 
and differences. An example of a situation will help you understand. In ninth grade 4 
students like to play football and 3 students like to play basketball. Suppose, 
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the set of roll numbers for those who like football A = {3, 4, 5, 6} and 


the set of roll numbers for those who like basketball is B = {1, 4, 6}. 


Now, what is the set of roll numbers for those who like to play either football or basketball 
and how do we express this set? This set is denoted by A U B and all elements of A and 
B form A U B. 
That is, 

AU B= {1, 3, 4, 5, 6} 


A set consisting of all the elements of two or more sets is called the union of the sets. 
Suppose 4 and B are two sets. The union set of sets A and B is denoted by A U B and 
is read as A union B. The set construction method is written as, 


AUB={x:x €Aorx € B} 


Example: A= {x : x € Z, -2 <x <5} and B= {1, 4, 6, 8}. Determine A U B. 
Solution: According to question A ={ -1, 0, 1, 2, 3, 4} and B = {1, 4, 6, 8}. 
Therefore, A U B= {-1, 0, 1, 2, 3, 4} U {1, 4, 6, 8} = {-1, 0, 1, 2, 3, 4, 6, 8} 


1.7.2 Intersection of Sets 


Now say what is the set of roll numbers of students who like both football and basketball 
in class 9 like in the above example. Also, how do we express this set? 


This set is denoted by 4 M B and it consists of the common elements of A and B. That 
is, the set of roll numbers of students who like both football and basketball in class IX is 


AN B= {4,6} 


A set consisting of elements common to two or more sets is called an intersection set. 
Suppose 4 and B are two sets. The intersection of sets A and B is denoted by 4M B 
and is read as A intersects B or A intersects B. In set builder method it is written as, 


AN B= {x:x €A andx € B} 
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Example: X= {x € Z: -4<x <8} and Y= {x € NM: x is even, x < 18}. Determine 
ATL. 
Solution: 
Given that, X = {x € Z: -4<x <8} = {-3, -2, -1, 0, 1, 2, 3, 4, 5, 6, 7} 
and Y= {x EN: xis even, x < 18} = {2, 4, 6, 8, 10, 12, 14, 16, 18} 
Therefore, XN Y= {-3, -2,-1,0, 1,2, 3,4, 5, 6, 7} O {2, 4, 6, 8, 10, 12, 14, 16, 18} 
= {2, 4, 6} 
1.7.3 Difference of two sets 


Mathematics teacher selected 5 students from Sonapur Madrasah for Mathematical 
Olympiad from students of class 9. They are Samir, Nasrin, Tahsin, Bashir and Amina. 
On the other hand, the Arabic teacher selected 3 students to participate in the Quran 
recitation competition. They are — Kohinoor, Bashir and Rezwan. If the Math Olympiad 
set is A and the Quran recitation set is B, then we can write, 


A = {Samir,Nasreen,Tahsin,Bashir,Amina} and B={Kohinur,Bashir,Rezwan} 


As the two competitions were held on the same day, the headmaster said that the 
members of set B should be eliminated from set A. So how do we express the set after 
excluding B from A and who are the members of the set? 


This set is denoted by A \ B and A \ B is formed by removing the members of B from 
A. That is, 


A \ B={Samir,Nasrin, Tahsin,Amina} 


Here Bashir is removed from the difference set, as he is also a member of set B. 


A set formed by excluding members of one set from another set is called a set 
difference. The difference of set A and set B is denoted by A\B and is read as A 
difference B. In set builder method it is written as, 


A\ B= {x:x€Aandx € B} 


Example: P = {x : x, 12 is a factor of 12} and O = {x : x is a multiple of 3, x < 12}. 
Determine P \ Q. 


Solution: Here, P = {x: x, is a factor of 12} = {1, 2, 3, 4, 6, 12} 
and O = {x : x, is a multiple of 3, < 12} = {3, 6, 9, 12}. 
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Therefore P \ O ={1, 2, 3, 4, 6, 12} \ {3, 6, 9, 12} = {1, 2, 4} 
fi 


WAM : ? 
» Brain storm 


1. If A = {0, 1, 2,3, 4} and B= {1, 2, 2, 3, 1}, then B \ A =? Explain. 
2.IfA S&B, then A \ B=? Explain. 
q d 


1.7.4 Complement of a Set 


Let Ube the set of population of the entire world and A be the set of population of those 
who speak in Bangla. Then U is the universal set and A is a subset of U. Now, how can 
we express population of the world without any who speaks in Bangla? 


This set is denoted by U \ A and U \ A is formed by removing the members of A from 
U. That is, U \ A is the set of people who do not speak in Bangla 


ee The set formed by excluding the elements of a set A from the elements of its ) 
universal set U is called the complement set of A. The complement of a set A is 
denoted by A“c or A' and is read as the complement of A. In set builder method it is 
written as, 


Ac = {x:x€ Uandx € A} 


S 4 
Example: If universal set U is the set of all digits, and A is the set of all even digits, 
determine A‘. 

Solution: 


Here, U= {0, 1, 2, 3, 4, 5, 6, 7, 8, 9} and A = {0, 2, 4, 6, 8} 
So, A°= {1, 3, 5, 7, 9} 
1.7.5 Disjoint Set 


There is a small group of students in a school and they are nine memers in the group. Roll 
numbers of group members are very interesting, which are the first 9 prime numbers. 
Some of the members sing, some dance. Those who neither dance nor sing, encourage 
others. They want to present a group presentation in a school co-curricular activity. 


18 


Mathematics 
See below who does what, by their roll numbers. 


If U is the set of roll numbers of the group members, write 
U in the box by tabular method: T= 


Set of roll number of students who sing, F = {5, 11, 17, 
23} 


Set of roll number of students who dance, F'= {2, 7, 13} 
Notice that, F = {2, 7, 13}, that is, it is not possible for them to give a common group 


presentation. In such a case it can be said that F and F are disjoint sets. 


(rn er nn nn 
Two sets 4 and B are called disjoint sets if 4M B= @ 
( Check yourself! ) 


Given the above problem, determine the two sets below and write what do the sets 
indicate in terms of the group. 


1,2 UP" 


2 Ta 


1.8 Solving a sports problem using diagram 


Annual sports and cultural competitions will be organized in Nitu’s school. The class 
teacher will take names of the participants in various events. The condition is that no 
student from class nine can participate in more than three activities. Teacher said, “Not 
everyone will participate in all three events. We must come to a decision. Let’s say we 
have team sports, individual sports, and cultural activities.” By saying this, she drew 
three circles on the board like the picture below. 
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Then she said, “Who wants to participate only in team sports, like cricket or football?” 
Eight people in the class who are in different sports teams of the school raised their 
hands and teacher wrote their roll numbers in the team sports circle. In the same way, 
she wrote the roll numbers of the students who wanted to participate in individual 
sports and cultural competitions in the correct circle. 


Then she asked, “Is there anyone who wants to participate in both team and individual 
sports?” Utsho, Sharif and Nazmul were in the football team, they want to participate 
in the race. Again, Seema and Aparna named in individual sports, they also want to play 
volleyball. The roll of these five students were erased from team and individual and 
written in the place where the circles of group and individual intersected each other. 


In this way, the roll numbers of five and six people in team sports and cultural activities, 
and individual sports and cultural activities were placed. At the end she asked, “Now 
tell me is there someone who wants to participate in all three events?” Utsho quickly 
raised his hand and said, “I want to recite a poem.” Apa said, “Very good Utsho!” Then 
she wrote the roll number of Utsho in the box where the three circles intersect. 


You can notice how easily the teacher found a simple solution to a complex problem! 
Not only that, but a visual representation was also seen on the board. Representation in 
this way is called Venn diagram. 


1.8.1 Venn Diagram 


The Venn diagram is named after its inventor, the English philosopher 
and logician John Venn. 


In a Venn diagram, the universal set is represented by a rectangular 
geometric shape on a plane, and the subsets of that universal set are 
represented by circles inside that rectangular area. The adjacent John Venn 


Venn diagram shows the universal set U and a subset A of it. 


How set operations can be represented using a Venn diagram is | U 
shown below. Later, we will use Venn diagram to express the 
elements of the set. 


1.8.2 Set operations using Venn diagram 


For any sets A and B, the Venn diagrams of A U B, A M B, A \ B and A* are 
shown below. 
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AUB ANB 


A\B A 


1.8.3 Venn diagram in real life problems 


Problem-1. Hilsa fish is in the list of favourities 


It is difficult to find a Bengali person who does not like Hilsa fish. Surely there are 
people who are not Bangladeshi but like Hilsa fish. Can you imagine the set of people 
who are not Bangladeshi but like Hilsa fish? Let’s do a little analysis 


Suppose, set of world population is U. 
The set of Hilsa fish liking population in the worldis E. U 


The set of people who are not Bangladeshi but like Hilsa 
fish is F. 


The set of Bangladeshi who like Hilsa fish is B. 


The set of people who are not Bangladeshi but like Hilsa 
fish is represented by Venn diagram. 


Nag Brain storm 


For any sets A, B, C express the following sets using Venn diagram. 


1L.AUBUC 2.(4N By 3, AN(BUO) 


21 


Academic year 2024 


Academic year 2024 


Sets in daily life 


Problem-2. Characteristics of ants and bees 


Below are some characteristics of ants and bees. Find out their common characteristics 


through Venn diagram. 


. Some characteristics of bees 


on ‘Some characteristics of ants 


° 6 legs 

¢ lives in a colony 

* can fly 

* collects nectar 

* controlled by a queen 


¢ makes hives in open space 


° 6legs 

* moves by walking 

¢ lives in a colony 

¢ hunters in nature 

¢ makes anthills inside soil 


* controlled by a queen 


Solution: Suppose, A is the set of 
characteristics of bees and B is the set of 
characteristics of ants. 


Their characteristics are represented by 
a Venn diagram such that their common 
characteristics lie in ANB. Common 
characteristics as per the Venn diagram on 
the side are: 


AN B={6 legs, lives in a colony, controlled 


by a queen }. 


Problem-3. Transportation system 


A survey of 800 people in a city shows that 
500 people travel by bus, 200 people travel 
by car, 400 people travel by rickshaw, 200 
people travel by both bus and rickshaw but 
not by car and 50 People travel by buses, 
rickshaws, and cars. Others commute on 
foot. Find out how many people commute 


on foot by representing it ina Venn diagram. 
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¢ Can Fly 

¢ collects nectar 

e makes hives in 
open space 


| » moves by walking’ 
e hunters in nature 
} ¢ makes anthills 
inside soil 


Mathematics 


Solution: Suppose, U is the set of people under survey, B is the set of people travelling 
by bus, C is the set of people travelling by cars, R is the set of people travelling by 
rickshaws and W is the set of people commuting on foot.Then, n(U) = 800, n(B) = 
500, n(C) = 200, n(R) = 400. 


According to the Venn diagram, set of people using all three vehicles is BN RNC 
-. (BARNAC)=50 
Number of people who travel both by bus and rickshaw but not by car 
nBOARN C)=200 
People who travel only by bus 
n(B)-n(BARNC)-n(BONRNC) 
= (500-200-50) 
= (500-250) =250 
People who travel only by rickshaw n(R) — n(BN RNC) -—n(BA RNC) 


Calculate in the following box 


People who travel 


only by rickshaw? 


People who travel only by cars n(C) -n(BN RN C) 
= (200 — 50) =150 


.. People who travel using at least one transport 
n(B U RUC) [Calculate in the following box] 
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So, people who commute only by walking n(W) = n(U) —n(B U RUC) 


= (800 — 800) 
=0 


So, nobody commutes on foot. 


1.9 Cartesian product of sets 


Let A be aset of colors with two types, namely white and black, that is A = {white,black} 
and B be a set of clothes with three types of clothes, namely shirt, pants, panjabi, that is 
B = {shirt ,Pants, Panjabi}. So, we can create a new set in the order of taking colors first 
and clothes later. This set is denoted by 4 xB. Now the question is, how many elements 
can we make in this order: first color and then clothing? Note the table below. Here the 
elements of A xB are created as ordered pairs using color on one side and clothing set 
on the other, like two-dimensional Cartesian coordinates. 


Shirt Pant Panjabi 
White (White, Shirt ) (White,Pant) (White,Panjabi) 
Black (Black,Shirt ) (Black,Pant) (Black,Panjabi) 


that is, 


A x B= {(White, Shirt), (White, Pant), (White, Panjabi), (Black, Shirt), (Black, Pant), 
(Black, Panjabi) 


So,we can write 


( A x B= {(x, y): x € A, y € B} } 


Example: If A= {x, y, z} and B = {1, 2, 3}, then 
Ax B= iQ, 1), (x, 2), (3), 1), 0.2), (3), 1), 2), (D,3)} 
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Below we give table 1.2, 
Table 1.2 


(% DI G52)! 653) 


Soe set§esesocefstceesas 


OD! G21 03) 


( I): @ 2) | (z, 3) 


(— > 
Notice that: (i) (x, 1) €A x B but (1, x) GA x B. 
& 


(11) (x, y) = (u, v) if and only if x =u andy = v. 
(iii) For any set A, A x 0 = @. 


= Brain storm 5 
> Lah =oarldtao ai XB Se 
2. Ifn(A) = pand n(A x B) = ? 
= 4 


1.10 Team task/project 


The teacher will write the names of different games on small pieces of paper and put 
them in two boxes (4 and B). Each box will contain at least 5 names of games. 


Now the students will be divided into groups of 9 
(or any odd number) as per the instruction of the 
teacher. The team leader of each team will pick 
a total of two games from the boxes A and B and 


ask the other team members which of the two 
lottery games they like to play. 


Their possible answers are: (a) Both (4 and B), (b) One of them (A or B), (c) Neither. 
Now make a list of names in the notebook of who likes A, who likes B, and who likes 
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neither. If someone likes both sports, his/her name will be in both list A and B. Now 
complete the following tasks and present them to the class. 


1. Present the following sets from your collected data. in tabular method 
a) U= {Names of all the students in the group from whom information is taken} 
b) A = {Those who like games from group A} 
c) B = {Those who like games from group B} 


2. Present the above data from ‘a’, ‘b’ and ‘c’ in a Venn diagram. Mention those who 
prefer neither A nor B also in the Venn diagram. 


3. Now fill the table below with the numbers obtained from the set operations. 


n(A) n(A‘) 
n(B) n(B°) 

n(A MB) n(A U BY° 
n(A UB) n(A 1 BY 
n(U) 


4. Verify the following identities: 
a) n(A U B) = n(A) + n(B) — n(A NB) 
b) n(U) = n(A) + n(A’) 
c) n(A\B) = n(A) —n(A UB) 
d) n(A° NB’) =n(U) — n(A UB) 


Conclusion 


Many important discoveries in the applied branch of mathematics are based on Georg 
Cantor’s set theory, which you will learn in higher secondary classes and universities. 
In this class you learnt how to read sets, methods of expression, different types of sets, 
different types of subsets, expression using Venn diagrams and use of ordered pairs. 
Hopefully, these exercises will expand your world of thinking and analysis and allow 
you to apply these skills in real life to solve complex problems. 
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( Exercises ) 


. Express in tabular method: 

a)A= {x EN: -3<x<5} 

b) B= {x € Z: x is a prime number and x’ < 50} 
c) C= {x € Z: x* < 264} 


. Express in set builder method: 
a) A= {1, 3, 5,...,101} 
b) B= {4, 9, 16, 25, 36, 49, 64, 81, 100} 


. IfA= {1, 2, 3, 4, 5}, B= {0, 1, 3, 5, 6} and C = {1, 5, 6}, then find the following 
sets. 


a) AUB b) AN Cc) BIC d) AU(BNC) ey) AN(BUC) 


» WU =. 1,2, 3;4,5,6. 7,3, 9), A= 71,3,35 7). B= 0,254 6} and C= 43,45, 
6, 7], then verify the following relations: 


a) (A UB) = ASN Be b) (BN Cy =B°uUC 

c)(AUB)NC=(ANC)N(BNC) d) (AN B)UC=(AUC)N (BUC) 
. Find the following: 

a) NM 2N bNNA ey2N iP 


Where, N is the set of all natural numbers, A is the set of all odd numbers, P is the 
set of all prime numbers. 


. Let Ube the set of all triangles and A be the set of all right triangles. Then describe 
the set A‘. 


. Show the followings with Venn diagrams. For any sets A, B, C - 
a) (AU BY = AN BS b (BN Cr=BuC 
c)(AUB)NC=(ANC)U(BNC) d (AN B)UC=(AUC)N (BUC) 
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8. Out of 40 students in a class, 25 like birds and 15 like cats. There are 10 students 
who like both birds and cats. Determine by a Venn diagram how many students like 
neither bird nor cat. 


9. If P= {a, b}, O= {0, 1, 2} and R = {0, 1, a}, then find the values of expressions 
below. 


a)PxO,PxP,O0x0,OxPandPx@ 
bP OVP * R) 

c) Px (OM R) 

d) (Px O)OR 

e) n(P x Q), n(Q x Q) 

Give your logic on the equality of (c) and (d). 


10. If P= {0, 1, 2,3}, Q= { 1,3, 4} andR=PN OQ, 
(i) Determine P x RandR <Q. 
(ii) Find the values of n(P x R) and n(R x Q). 


11.If Px O= {(0, a), (1, c), (2, b)} then determine P and Q. 
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You can learn from this experience- 
* sequence 

e Arithmetic sequence 
* Geometric sequence 
¢ Fibonacci sequence 
* series 


e Arithmetic series 


¢ Geometric series 
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Sequence and series 


The word “sequence” is indeed quite a familiar word in your daily life, isn’t it? You 
have to organize many things in your daily routine in a sequence. Think about your 
study table or the bookshelf next to you. Typically, the largest books are placed at the 
bottom, followed by smaller ones stacked on top. Then, in a sequence, you arrange the 
smaller books upward. Before the beginning of your school classes, there is usually a 
gathering where everyone follows a specific order. You must stand according to your 
height The class teacher calls you by roll numbers after the assembly ends. How are 
your roll numbers arranged, in a sequence, right? Besides your school, you must have 
noticed that in the market, some shopkeepers arrange their products in various ways. 
For example, the fruit vendor arranges apples and oranges in a pyramid-like fashion. 
Similarly, the potter, the utensil seller, the ball seller, and the toy seller arrange their 
items from larger to smaller in a sequential manner. Think about the seating arrangement 
in a sports stadium. Even in a cinema hall, how are the seats arranged? Take a close 
look at these two pictures below. 


Are there any distinctive features in the arrangement of chairs and pots? Discuss with 
your classmates. If you have found some specific features in the seating arrangement 
and pots made of clay, please write them in the empty box below. 


We observe various types of sequences in different sectors around us and it is from 
these sequences that the concept of order primarily arises. Besides, you have already 
learned a lot about number patterns. For example, you can think about natural numbers 
1, 2,3, 4, ... ....... These numbers can have a few more distinct characteristics apart 
from being arranged in order. Think about what other characteristics these numbers 
might have. Quickly jot down these characteristics in the empty box below: 


30 


Mathematics 


(— zs 
What is height of each step from the surface 
of the staircase shown in the figure? Are their 
any spacific characteristics among the obtained 

je S, ayes J 


Let us play two interesting games: 


1. Earning Pocket Money 


Imagine your family wants to give you some pocket money for a month. They have 
given you three options for how you can receive your pocket money, and you have to 
choose one of them. Here are the options: 


A) Receive 10 Taka every day. 


B) Receive 3 Taka on the first day, 3.50 Taka on the second day, 4 Taka on the third 
day, and so on, increasing by 50 paisa every day. 

C) Receive | Taka on the first day, 2 Taka on the second day, 4 Taka on the third 
day, and so on, doubling the amount every day. 


You need to choose one of these options and present your choice with arguments and 
explanations. 


2.Prime Number Game 


You need to find at least three prime numbers and there are some conditions:The 
difference between any two numbers must be either the same or equal and you need 
to fill in the empty cells satisfying the conditions. Explain the reason if you do not get 


three numbers satisfying the conditions. 
General difference 1° no. 2nd no. 3rd no. 
2 3 5 7 


eal 


Academic year 2024 


Academic year 2024 


Sequence and series 


Till now, you’ve been thinking about topics where there are special characteristics 
involved in arranging or obtaining numbers or objects, haven’t you? These characteristics 


or rules are what we call patterns. You’ve learned about patterns in previous classes. 


In a fun game of getting your hand spent — 


a) In this month every day the hand costs you have got is the following 


Day 1 2 3 4 30 
Taka 10 10 10 10 10 
b) In this month every day the hand costs you have got is the followin 

Day 1 2 3 + 30 

Taka 3.00 3.00 4.00 4.50 18.50 
c) In this month every day the hand costs you have got is the following 

Day i 2 2 4 aes 30 

Taka 1 2 8 oe 536,870,912 


If you look at the above examples, you will see that in each case the hand cost receipt 
is related to the number of days {1,2,3,4...30}. The number of days {1,2,3,4...30} isa 
finite set of natural numbers. Here there is a relationship between the number of days 
and the amount of money. This relationship is a sequence. 


The relation of a set of natural numbers to another collection is called a sequence. 


In the above example the daily the collection of daily amount of money is a sequence. 
Each element of a sequence is called a term. The first element of a sequence is called 
the first term, the second element is called the second term, the third element is called 
the third term, and so on, in sequential order. If n is a natural number, we call the 
common term in a sequence the nth term. If you have a sequence with the first term a,, 
the second term a,, the third term a,, and so on, up to the nth term a,, we can write the 
Sequence as d,, d,, d,,...,d,, ... . Itis termed as (a) 


n 


Example 01: 1,1, 1,1, ,1,... isa sequence whose nth term a, = 1. This is a constant 
sequence. Can you tell me the reason? Notice that every term in this sequence is the 
same. There is no change. This type of sequence is called constant sequence. 


Individual work: Give two examples of constant sequence and write the nth term of 
each. 
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Individual work: Give two examples of periodic sequence and write the nth term of 
each. 


Example 02 : 1, -1, 1, -1,... is a sequence whose nth term is ap = (-1)0t1, It is 
denoted by ((-1)"*1). It is a periodic sequence. Can you tell me the reason? Take a 
look, how the terms of this sequence are coming? Here two terms are recurring. That is 
why this type of sequence is called periodic sequence. The tides that occur daily in real 
life are an example of a periodic sequence. 


Example 03 : 1,3,6,10,...isasequence. } 
This is called a sequence ofequilateraltriangle  : 
numbers, because the terms of the sequence: Q 
come from the numbers of the equilateral : 


triangle-shaped balls in the adjacent figure. :Fig.-l(a) — Fig.-1(b) Fig.-1(¢) 


Individual work: Write the sequence of square numbers and represent them using 
squares 


Example: 4.1,3,5, 7, ...,(2n — 1), ... is a sequence whose nth term is a, = 2n — 1. This 
is a sequence of odd numbers. 


iL 2.3 4 n : : =. 8 
Example 3: D3 ascent yp 18a sequence whose nth term is a, ree 
It is denoted by (2 a S| 
Example 6: 1,2 > 3 5, ieee rms ... IS a Sequence whose nth term is 


a= ah . Can you tell by what it would be indicated? 


Group Task: 


A) Determine the common term of the following sequences: 


135, O69 ses M1) 5 2 Oy d 2, S02 ere 


iii) 1, - 


B) Find the sequences from the given common terms: 
\) n—l +) ¢_4\ntl ss) 7 4)\n-l on 
i) es i) (-1) a4 i) (-1) El 
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Classification of sequence: 


| Sequence | 


———, 


| Finite | Infinite ] 
ft | 


Arithmetic | Geometric | | Arithmetic | 


It needs to be mentioned, the number of terms in a sequence can be finite or infinite. 
A sequence with a specified number of terms, meaning it has an ending, is called a 
finite sequence. On the other hand, a sequence with an unspecified number of terms, 
meaning it has no ending, is called an infinite sequence. 


Example: 
Finite Sequence Infinite Sequence 
i) 1,4,9,..., 100 i) 3,1,-1, -3, ... 
Hi): Fy 12, AT avn 902 ii) 1,2,3,4 
) li) Lae 
ii) LL | 7 . 
2° 5° 10° °° 10001 ili) Multiple of 5 =5, 10, 15, ... 
iv) ) Sunday, Monday, Tuesday, ... Saturday | iv) Counting Numbers = 1, 2, 3, ... 


Determine the next terms in the sequence 


i)-1, 2,5, 8, . ii) 3.4, 4.5, 5.6, | 
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Let’s start by analyzing a few events or examples: 


Event 1 
Attach the matchstick to the exercise book and create a pattern like the one below 


—— 


L\ LV LALA LAL 


ee Te Tete) 


Now try to find the answers to the following questions: 


i) How many sticks are needed for each 
of the pictures? Write the numbers in the 
adjacent boxes in order: 


ii) Determine the difference between two 
consecutive numbers and write it in the 
adjacent box. 


iii) Have you found any common 
characteristics among the numbers? Write 
your comments in the box. 


Event - 2 


Suppose, you have completed your education and joined a job. Your initial monthly 
salary is 25,000 Tk and you receive an annual increment of 500 Tk. So, in the 1, 
2", and 3rd years, your monthly salary will be 25,000 Tk, 25,500 Tk, and 26,000 
Tk, respectively. Now, if you calculate the difference in your monthly salaries for 
consecutive two years, you'll notice that your salary increases by 500 Tk every year. 


By the way, what similarities have you observed between these two scenarios or 
examples? Write down the similarities in the empty box below: 


(— ) 
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Individual Task: 
Notice the following sequences. Write about the characteristics of terms of each 
sequence. 
Sl. No. Sequence Characteristics 
i) A ees alteserecncnc sa: 
ii) =o 6, la 
i fie 


After doing the task, you must have known that there is a common difference between 
every two consecutive terms in each sequence, right? One of the terms is created by 
adding or subtracting a specific number to/from the preceding term, and the same 
property exists when generating any term after a given term in the sequence. Sequences 
that follow this kind of property are called Arithmetic Sequences. The first term of 
an arithmetic sequence is denoted as a,, and the common difference is denoted as d. 
Therefore, we can express an arithmetic sequence in the following mathematical form: 


( Algebraic form of arithmetic sequence > 
GiQ tna 2d, a 30... 
The first term of the sequence a and common difference d because -- 
2™ term — 1“ term =a+d-a=d 
3 term — 2™ term =a+t2d-(a+d)=at+2d-a-d=d 
4" term — 3 term= a + 3d - (a+ 2d)=a+3d-a-2d=d 
In a similar way, sutracting previous term from any term you will get d 


Now tell me what will be the general term of the sequence? Observe that the general 
term will be, 


a Gaeta ld gy 


Group Work: 
Discuss in groups all the sequences below in terms of “which one is arithmetic and 
which one is not” including calculations. In your notebook, create a table like the one 


below and put a checkmark (Vv ) next to the arithmetic sequence and a cross mark (x) 
next to the non-arithmetic sequence. Then, present in the class. 
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Non Arith- | £Arithmetic, 


Sequence Arithmetic : What is com- | Logical ex- 
metic ; planation 
mon difference 


i) -4, 3, 10, 17,... 

ii) 1,4, 9, 16... 

111) x2 9, a 
iv)x -3,x-5,x-7,... 


Determine general term or nth term of Arithmetic sequence 


Find the common difference and the next three terms of the following sequences. A 
hint is provided for you: 


Sequence including the next 
three terms 


i) 4, 14, 24, 34 4, 14,24, 34, _,_, — 
li) =4-2.0;2 [=2=(-4)=0} (2) $2  |-4)-2,0,2,.5)5 = 


Sequence common difference 


234 12 
4? 4? 4a? a? 


GM i eaaieee 


| 


You can easily find the next three terms, can’t you? But what if you were asked to 
determine the 120th or 350th term? Would you be able to calculate it one by one like 
this? Find about if the task would still be easy or not. 


If there is an 
arithmetic sequence, 
it is very easy to 
determine the desired 
term. 


So, let us s see if we can find 
a common term or determine 
the nth term of any sequence. 


We can determine 
the terms one by 
one, but it will take 
a lot of time. 


Let’s take an example: 
cal ke | eee 


Certainly, this is an arithmetic 
sequence, isn’t it? 


Now, let’s analyze step by 
step and investigate what 
kind of characteristics are 
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present among the terms in the sequence. We’ll examine them one by one and see if we 
can find any common pattern: 


Term eee Pattern | We can write General term or n-th term 

3 @)=Q)+ (n - 1) 
Bar) 

13 Sar oars) Ist Common 

n" term term differ- 
SRroHronrs a, ence, d 
feietel ne term 
rs 3 SAR SAP AR SAr a =a,t (n-1)d 
yy 5+ +5 


Example - 7: Determine the 15", 120", and the general term (n-th term) of the following 
sequence in order: 7,11,15,19, 25.043 


Solution: The given sequence 7, 11, 15, 19,...... is an arithmetic sequence because 
2" term — 1 term = 11 - 7 = 4, 
3" term — 2™ term = 15 - 11 =4.,...... 
It means the common difference of the sequences is 4 
We know, n" term 
a,=a,t+(n-l1)d 
where, 1* term = a, = 7, no. of terms = n and common difference = d= 4 


fr n" term a, = 7+(n- 14=7+4n-4=4n+3 
a 15" term a,,= 4 x 15+3=63 
And 120th term Gin) = 4 * 120 + 3 = 483 


rain storm a 


If 7x +2, 5x + 12, 2x — 1 is an arithmetic sequence, find the value of x. 
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( Individual task: >) 


A) Determine the general term of the following arithmetic sequence: 


i) 5, 12, 19, 26,... ii) 1, 0.5, 0, -0.5,... iti) whose 7" term is -1 and 16" term is 17 
B) Determine the missing terms in the following arithmetic sequence. 


i) 6, ,54.. ii) 23,9, it 


% / 


Group Work 


Take one number from each of the boxes below, and make five arithmetic sequences. 


Oo O@g0 G10 0 
@ 


© 10) 
© GID GEO O10 OFO © 


Geometric Sequence 
Let’s shed light on two events. 


Event - 1 


Lily wants to buy a gift for her mother. She needs at least 300 taka to buy the gift. Lily 
plans to save some money starting from the first week of November. The amount she 
saves in the first week will be doubled the following week. According to the plan, Lily 
started saving with 5 taka. In how many weeks Lily will be able to buy the gift? 


Now, let’s calculate it:” 


No. of 1 > 3 4 5 6 Total 
weeks savings 
Weekly e) SZ 10x2 | 20x2 | 40x2 | 80x2 

savings 35 
(Taka) 10 20 40 80 160 


Since Lily will have a total of 315 taka saved, she will be able to buy the gift for her 
mother at the end of the sixth week. 
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You must have noticed that Lily’s savings plan has a special feature, mustn’t you? Let’s 
take a closer look. 


10 _ _ 
= 8 TO: 20 


20 40 80 160 
mie — — =? = 
S a: 40 . 80 


2 


Event — 2: Spreading of Virus 


We are often affected by various diseases caused 
by viruses. Let’s assume that a virus-borne 
disease spreads in such a way that initially one 
person gets infected. Then it continues to spread 
like a pattern. The sequence for how the disease 
spreads can be described as: 1, 2, 4, 8, ......... 
where each term is double the previous term 
except for the first term. 


What did we find by analyzing both events? 

In both cases, each term is double the previous term. Alternatively, the ratio between 
any term and its preceding term is a specific constant number. In other words, the ratio 
of any term to its previous term is constant. This type of sequence is called a geometric 
sequence. 


t «4 
a ae 
ak 


Example: 1, ,-.. 1S geometric sequence because the ratio of any term to 


its previous term is 5 


Individual work: 


Write two geometric sequences in box below where the common ratio of one sequence 
will be + and you choose by your own the common ratio of the other. 
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In a geometric sequence, the first term is denoted as a, and the common ratio is denoted 
as r. Therefore, we can write a geometric sequence in the following form: 


@ > 


a, ar, ar’, ar’,... 


1*' term of the sequence is a and the common ratio is r because - 
2 term + 1* term=ar+a=r 

3" term + 2" term = ar? + ar =r 

4" term + 3" term = ar? + ar =r 


Can you tell me what will be the n® term of the sequence? Observe that the n™ term 
will be, 


a =ar"! 


n 


. d 


¢ Give two examples of finite and infinite geometric sequences. 


¢ Ifa, b,c are in geometric progression, fill in the blank spaces below: 


Determining the common term or n™ term of geometric sequence 


Find the common ratio and the next three terms of the following sequences. You are 
given one ratio as an example: 


Sequence Common ratio ss ua HIMES 
i) 6, 18, 54,... 18+6=54+ 18=3 | 6, 18, 54, 162, 486, 1458, ... 
1)! 39 OX", BX jc. Dx Oa Oley a ee 
lil) 6235295 Sys O29, 2 95.95 peep ey eu 


You could certainly find the next three terms of the sequence quite easily, couldn’t 
you? However, if you are asked to find the 50" or 100" term, will do it in the same 
way? Think if it will be a feasible way to do the work or not. 
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Pair work: 
Just like an arithmetic sequence, analyze each term using an example. Investigate if any 
common characteristics can be found among the terms. 
Lily’s weekly savings sequence: 
Consider Lily’s weekly savings sequence: 
5, 10, 20, 40... 


Now, if Lily is asked how much money she needs to 
save by the end of one year or in the 52" week? 


Term Rae Pattern We can write Common term or n" term 
1 5 5 a y® x@! 
2) 10 5 <2 < 
S) 20 a2 Ist || Common 
ii 40 ores n® term oa aaa ae 
“ n™ term 
= n—I 
:, - 5) 2D ES a =a 
a eee 


Now, think about it, if Lily had known this simple concept of finding the common term 
or the n™ term of a geometric sequence, would it be difficult or time-consuming for her 
to determine how much money she would have saved in the 52"! week? 


Quickly calculate and take decision: 


Example 


Let’s say you have a job that allows you to study simultaneously. By doing this job, you 
earned 4000 taka in the first month. Each subsequent month, your income increases by 
5% compared to the previous month. How much will your income be in the 10" month? 
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Solution: Let’s analyze this problem using a chart: 


Month is pi af 
Income (Taka) 4000 4200 4410 


10 
2 


First, we need to determine whether the given sequence is an arithmetic or geometric 
progression. You can do the investigation yourself. 


1* term of sequence a,= 4000, common ratio r = 1.05 and no. of terms n = 10 


You have already learnt the formula of determining the general term or nth term of 
geometric series. = a, r"~' 


”. In 10% month your income will be = 4000 (1.05)!*! = 4000 (1.05)? = 6205.31 
taka (approx..) 


You have already known if a, b, c 


lix--o, x4 12) 7-15 forma geometric 


; are consecutive terms in a geometric 
sequence, determine the value of x. 


sequence, aa = as or b? = ac 


(~ Individual Task: 
A) Determine the general terme of the following arithmetic sequence. 
i) 3,15, 75,... ii) 4, 4. * ... tii) whose 7" term is 8 and 13" term 512 
B) Determine the missing terms in the following geometric sequence. 
° 1 oe 1 1 
i) 3,__, o) 9 o7 ii) — s) 8? 9 9 64 
C) 1) In the sequence 4, 12, 36, ..., what is the position (term number) of 2916?? 
ii) In a geometric sequence, if a, = 4. and a, = ayy , what is a, ,? 


eee 
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Fibonacci Sequence 


Fibonacci pattern is also a sequence but this is different from arithmetic and geometric 
sequences. Look at the following sequences. Can you identify the next term for each 
of the following sequences? If you can, write them in the following table with logic. 


Sequence Next term Logic 
(1) 3,-5,-7, 9) dees 
(ii) 3, 6, 12, 24, 48,... 
(iii) 3,5, $513,211)... 


You can easily identify the next term in the sequence number (1) and (11), can’t you? The 
reason is that you have an idea about the characteristics of two side by side terms. The 
next term in the sequence number (111) cannot be identified. In this sequence, the terms 
of the sequence do not repeat the same characteristics. Since it is called a sequence, 
there must be some repetition of the same characteristics among its terms. It is a special 
kind of sequence. 


Italian mathematician named Leonardo Pisano 
discovered the beauty of the relationship 
among the terms of this special sequence. 
His nickname was Fibonacci. By searching 
nature, he discovered this special sequence 
which was published in a book called ‘“‘Liber 
Abaci”. 


In the Fibonacci sequence of numbers where 
the first two numbers are 0 and 1. In the 
Fibonacci sequence, any term is equal to the 
sum of the previous two terms. So, the 3 term 
=0+1=1, the 4" term = 1 + 1 = 2. Then the : , ; 
Fibonacci sequence would be- Leonardo Pisano (Fibonacci) 


Ud yt lg Oy Ne 2 lsecthep ccs 


We can find the terms of the Fibonacci sequence from the formula below: 
Fug ~ ae * x , ne N 


where, Fo= 0, F =F, = 1 
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Fibonacci sequence building game, Time: 5 Minute 


Fibonacci sequences have to be formed within the given time. Whoever can form the 
maximum number of terms of the Fibonacci sequences will win. 


Fibonacci Sequences in Nature 


Fibonacci was a nature loving mathematician. He used to research various mysteries 
of nature’s creation. While researching this mystery of nature’s creation he found that 
nature has always followed a regular pattern in its creation. 


Observe the pictures below. 


Note that the number of petals in each flower follows the Fibonacci sequence. 


Individual/ group work: 


Make a report by observing the plants in your school garden or around the house 
whose branches, number of leaves or number of flower petals are similar to the 
Fibonacci sequence. 


Fibonacci Rectangle 


Look at the adjacent picture. It is a 
rectangle. If the length of the side of its 
smallest squares is 1 unit, the area of the 
rectangle can be identified by counting 
the smaller squares of the image, right? 


So, quickly tell the area of the rectangle 


= square unit. 


The area of the rectangle can be measured 
in different ways. 
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In the picture, the length of the rectangle = 13 unit and the width = 8 unit. 
Therefore, the area = (13 x 8) = 104 square unit. 


This is a geometric calculation of a rectangle. If you look closely, you will find some 
numbers inside the rectangle. If you chronologically arrange the numbers from the 
smallest one, you will get a sequence. You can surely recognize the sequence. Now if 
we draw a square on top of each other according to the terms of the Fibonacci sequence, 
and draw in this way no matter where we stop, we will always see a rectangle. This 
rectangle is called the Fibonacci rectangle. Again, the squares of different shapes will 
be formed inside the rectangle, the sum of their areas will be the area of the rectangle. 
Let us check it. 


.. The area of the rectangle = 17 + 17+ 27+ 37+ 57+ 8? = 104 = (13 x 8) square unit. 


Individual work: 


Draw the Fibonacci rectangle using numbers 1, 1, 2, 3, 5, 8, 13, 21 on graph paper 
or grid. 


Series 


You already know about sequences. If the terms of the sequence are joined by (+) sign, 
the series is obtained. For example- 


Example 1. Series of constant numbers: 3 + 3 + 3 + 3+--- 
Example 2. Series of natural numbers: 1 +2+3+4+-: 


General Form of Series: 


If the 1* term is a,, the 2" term is a,, the 3" term is a,, ..., and n" term is a, ina 
sequence, we can write the sequence as d,, 4,, d,,...,@,,.-. . The terms of this sequence 
are joined by (+) sign. It means thata, +a, +a,+...+ a +... isa series. 


It is called general form of series 
Finite and Infinite Series 


If the number of terms of the series is definite, it is called Finite series and if the number 
of terms is indefinite, it is termed as Infinite series. For example — 
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1+3+5+7+---+61 is a finite series 
and 


1+3+5+7+--- is an infinite series. 


Individual work 


Give examples of two finite and infinite series. 


Two important series 


Similar to sequences, there are two types of clauses depending on the relationship 
between two consecutive terms. For example — 


G) LAS Ttary ee 
and 
(Gi) 2+44+8+4+16+-: 


are two series. The difference between two consecutive terms of the first one is equal. 
Again the ratio of the two consecutive terms of the second one is equal. 


Arithmetic Series 


Same thing goes for arithmetic series. If the 1 termis a,, the common difference is d 
and n' term is a, in an arithmetic series, the series would be- 


aria) + (a PF 2d) (a Fey sca0ce +{at(n- 1)d}+-- 


where the n" term if the series 


a,=a,t+(n-1)d_ [considering a =a,] 
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(Individual task: >) 
a) Find out the n" term of the following arithmetic series. 
i) Oar lar 2G i)2-5-12-... 
b) Find out the blank terms of the following arithmetic series. 
1) 8-8-24-_ -_ -_ 
i) ees ee eae 


S y 


Brain storm ee 


For which value of k would (5k — 3) + (k + 2) + (3k — 11) be a arithmetic 
series? Find out the common difference and the common term of the series. 


Sum of arithmetic series 


Asyouknow, Bangladeshis 
often affected by cyclones 
due to its geographical 
location. When there is a 
cyclone, our plants suffer 
the most. Houses, roads, 
and hundreds of trees are 
damaged. You also know 
how much these green 
plants benefit us. So we 
all need to plant trees for 
our protection. In this 
case, you can take a five- 
year plan for planting trees 
in your area by talking to 
the head of the institution 
through your class teacher. The plan can be planting 10 fruit trees in the 1“ month and 
later on planting 5 more trees every next month compared to the previous month. Just 
imagine how many trees you can plant in five years. 
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Let’s calculate the first year (12 months). Some details are given in the table below, you 
fill in the rest: 


Number’ of 
month 


Sa SlOr ee Ne Salle Oe BLO hal Zl) slotal 


Number of 
trees 


10 | 15 | 20 65, 27 


You can understand that if you convert the calculation into a series, it would be an 
arithmetic series. Arithmetic series is: 


LO 1S 20 ee 63 


Think about it. Moreover, the number of trees 
required for a month may be calculated using the 
formula of identifying the common term. But will it 
be easy to figure out how many trees you can plant in a =a+(n—1)d 
one year? Let us discuss how to calculate the total 7 
number. 


n" term of arithmetic series 
iS 


One of the best mathematicians, Carl Friedrich Gauss, wrote 
the basis for determining the sum of the first series. We will 
discuss here Carl Gauss’s method for determining the sum 
of series. 


Let us observe how Carl Gauss found the sum of the first 
number of natural numbers 


Let, the series of the first n natural numbers 


Carl Friedrich Gauss 
Bl 2a a +n 


The series can be written inreverse, S =n+(n-1)+(n-2)+--- 41 


(nt 1)+(ntl)t(nt1l)te-+(nt 1) 
By adding two series, we get, 2S =———___________——______—— = n(n + 1) 
(n+l n times 
n(n 
a a 


This is Gauss’s formula for sums of first n-times natural numbers. 


Individual work 
Determine the sum of the first 50 natural numbers using Gauss’s formula. 


Now let us return to the problem of planting trees. The summation series for the number 
of trees planted in a year was, 


S=10+ 15 +20+---+ 65 
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The series can be written inreverse, S=65+60+55+---+ 10 


By adding two series, we get, 28 = os = 12x 75 
12 times 
122-75 
S= a = 6 * 75 = 450 


That means, in one year 450 trees can be planted. 


Formula for determining the sum of arithmetic series 


Let the first term of a arithmetic series be a and the common difference d. Then the n'* 
terma, =a+(n-1)d 


Let S_ be the sum of the first n terms, then 

§,=a@7 (ata) + (a+ 2d) +a +@ = 1d) 
The series can be written in reverse, 

S,=(@+ (7 -1)d) + (e+ (= 2)d) + (a+ (i —3)a) +t 
By adding two series, we get 


he {2a +(n - 1)d} + {2a+ (n - 1)d}+---+ {2a + (n - 1)d} 


n 


n times 
=n{2a+(n - 1)d} 
a > n{2a + (n - 1)d} 
This is the formula for determining the sum of arithmetic series of m — terms. 


Calculate how many trees you can plant in five years in the blank box below: 


e >) 
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(— Pair Work: ) 


1. Suppose, you have got a job. You have saved 1200 taka from your salary in 
the 1 month. You will save 100 taka more every next month compared to the 
previous month. 


a) How much will you save in 20™ month? 
b) How much will you save in the 1** 20 months? 


c) In how many years can you save a total of 106200 taka? 


2) If a, = 60 and a,, = 48, calculate the value of a,, and S,.. 


3) The first and the last terms of an arithmetic series are 3 and —53 respectively. 
If the sum of the series is —375, how many terms are there? 


se aL 


Geometric Series 


You must have remembered that Lily saved money to buy a 
gift for her mother. Apu like Lily saves money in that bank 
every week. He has a clay bank in which he puts 2 rupees 
in the first week, 4 rupees in the second week, 8 rupees in 
the third week and so on every week twice the amount of 
the previous week. After three months, Apu becomes very 
happy holding the bank. Because its weight has increased 
more than before and by shaking it close to the ear, there 
is quite a sound of money moving inside. Apu wants to 
calculate the amount inside. So, he quickly sits down with 
a pen and paper. 


At first, Apu makes the following table like Lily did. 


1 1 
Three months is | Part of one year. So, 3 months = (52 7g ) = 13 weeks. 


The 13 weeks schedule is given below. Fill in the blanks. 


Number of weeks UN we?! NE Sree a Ia 13 Total 
Amount of money 2|4) 8 8192 ies 


Apu already knows about geometric sequences and their properties. So, he considers 
the weekly deposited money as a term and creates a series. The series is: 


2+4+8+ 16+...+ 8192 
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4 
The first term of the series is a, = 2, the common ratio is r= z= 2. 
Apu analyzes the series as follows: 
Amount 
fates of Pattern Algebraic form 
money 
1 2 2x1=2x2°=2x2!'! ar'!~ a 
2 4 2x2=2x2!=2x2?'! ar?- ar 
3 8 2x2x2=2x2?=2x2?! ar>- ar? 
4 16 2x2x2x2=2x2=2x2*! ar*- ar? 
n oie ae A Nace ee ar’! ar’! 
n terms 


So, the finite geometric series will be, a+ ar+ar*+ar?+...+ ar"! 


Individual Task: 


1 
a) Determine the geometric series: 1)a=4,r=10 11)a=9,r= 3 iii) a=—, r=-y2 


V2 


b) How much money did Apu deposit in the bank in the 12" month? 


Determining the Sum of the first 7 number of terms of a Geometric Series 


Apu plans to find out how much money has been deposited in the clay bank in three 
months without breaking it. He has two ideas in his mind. The first one is - to determine 
the total amount of money deposited in 12 weeks by calculating the money for each 
week and adding them up. But this is a very time-consuming process. And the second 
one is - to find a way to directly know the total amount of money. Apu’s inquisitive 
mind settles on the second one. 


If a is the first term, 7 is the common ratio (r # 1) and if the sum of the first 7 terms of 
the geometric series is S_., we can write- 


SS PT OE Pag OPO smessssutens (1) 


a2 


Mathematics 
and multiplying both sides by r, rs, = Grae ar a ar ar 
Now subtracting (2) from (1) we get,, 

S,=18,=a-ar 
or, 5, (1 =1) =3a0 =P) 
al -r' 
n -r 
This is the addition formula for geometric series. 


Do you remember which sequence Apu got by saving money for 13 weeks? Yes, the 
sequence was 


27478 ~ LG ter 8192 


The first term of the series is a, = 2,, the common ratio is r = 2 and the number of terms 
is n =12. Substitute the values in the formula and find out the total amount of money 
Apu has saved in three months. 


_ * 
Ne a 
( Individual Task: 

a) Find the sum of 7 terms of the series 1 - 3 +9 — 27+: 

b) Find the sum of the series 54+ 18 +6+:++:+ = 


% 


Determining the Sum of infinite terms of a Geometric Series 


If the first term is a and the common ratio is r # 1 of a geometric series, then the sum 


of the first n terms of the series is 
<= Carta Tarr sa ar 
-al-YP) 
— |-r 
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But if the number of terms of the series is infinite, do we have to think differently to 
determine its sum? Let’s investigate. 


Tell when the series will be infinite? If the value of n is infinite, the sequence will also 
be infinite. In this case we can write, 


S = @tartar’? tar +..¢ar™ + «. 


n 


Now tell, what will be the sum of this series? The sum of the terms depends on the 
value of r. 


Think about it, 
a) When |7| <1 ie, -l<r<1 


If the number of terms n of the series increases 
(n —00), then the value of |" |decreases gradually 
and becomes close to 0. As a result, the sum of the 


series . 
a(1 - r") 
S = eras 
n -/7 
can be written as, 
g a 
o |-=F 


b) When |7| > 1 te. 7> 1lorr<-1 


If the number of terms n of the sequence increases 
(n —00), then the value of |7"jincreases gradually So it j ee nee 
and there is no specific value. Therefore, in this Dei uta i ade 


case, it is not possible to find the sum of the series. of'n increases, 7° decreases. 
a >) 
Individual Task: 
1. Make infinite geometrical series in each case. 
. a a il oe = a. 1 
ja=4,r==— li) a=2, r=—— 
a=4r=1  ii)a=2,r=-1 
ii)a=F,r=3 iv)a=1,r=-2 
a y 
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Problem 


Suppose you have planted a sapling 
near your house or in your garden. 
After one year the height of the 
sapling is 1 meter. The following 
year its height increases by 0.8 m. 
Each year the height of the tree 
increases by 80% of the previous 
year’s growth height. If it grows 
like this, how many meters can be 
the maximum height of the tree? 


Solution: 
The height of the tree in the first year was = 1 m. 
In the second year the height of the tree increased = 0.8 m. 
In the third year the height of the tree increased = (0.8 x 80%) = 0.64 m. 
In the fourth year the height of the tree increased = (0.64 x 80%) = 0.512 m. 


Thus, the height of the tree continued to increase every year. Let’s see if we can find 
any series in the growth of the tree every year. 


The series of growth of the tree will be = 1 + 0.8 + 0.64 + 0.512 +--- 


0. 
Here, the first term of the series a, = 1 and the common ratio r = a = 08 = 
0.8 , 


Since the series is an infinite geometrical series and -1 <r <1 


So, the sum of the series. 


a 1 a. 5 
“Jay L068 02 7" 


So, the maximum height of the tree will be = 5 m. 
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( Exercise ) 


1. Are the following sequences arithmetic, geometric, Fibonacci or none of the three? 
Why? Determine the common terms and explain. 


(2.551 T espe (lt) 2, 75 2 VTictewse (111) -12, 24, -48, 96,...... 
3.9 27 i) 12 4 8 
(67) 19, 2 BA, Fase (v) 5, -3, Sag (vi) page 
2. Fill in the gaps in the following sequences: 
(i) 2,9,.16, i (@i)-35, ssi 5S, 
ii) gS ly ii SV 4. CG). — 5 MOR DON ye ny 


3. Fill in the blank cells of the following table. 


Serial No.| 1“ Terma, puna d peomiaen n™ term S. 

i 2 5 10 
il -37 4 -180 
ill. 29 -4 —23 
iv. -2 13 10 
ee: ! 

vi. 9 -2 -144 
vii. 7 13 39 

vill. 7 25 2000 
LX [Ss 2 
x 2 2 2550 


4. You want to make a mosaic in the shape of an equilateral triangle on the floor of 
your study room, whose side length is 12 feet. The mosaic will have white and blue 
tiles. Each tile is also an equilateral triangle with a side length of 12 inches. The tiles 
have to be placed in opposite colors to complete the mosaic. 


a) Make a model of triangular mosaic. 
a) How many tiles of each color will you need? 
b) How many tiles will you need in total? 
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5. Fill in the blank cells of the following table: 


see, | eta Common Ratio | Number of een S 
r terms n n 
’ 1 1 
li -3 8 —2187 
1 
iii. 7 V2 8V2 
Iv —2 7 128 
V, 2 2 254 
V1. (2 768 1524 
- 1 1 
Vii. 27 = = 
Vil 4 6 4095 
6. 
Figure Toure INEFreLS of Piles Sum of numbers in the 
No coins row 
1 e 1 1 1 1 1+1=2 
7 
2 ee 3 2 1 2 1 14+2+1=4 
- oy 
3 oe. 6 3 lL 3 3 1 l+3+37+1=8 
: iis 
4 oe, 10 4/1 4 6 4 1)/1+4+61+4+1=16 
Figure-1 Figure-2 


a) Observe the sequence in Figure - 1 closely. Then construct the 10" figure and 
determine the number of coins. 


b) Determine the number of coins in the nth figure based on the given information. 


c) Ifm=5, determine the numbers in the 2™ column of Figure - 2 and show that the 
sum of the numbers in the "™ row supports the formula 2°. 


d) Create a series with the sums of each row and determine the value of n when the 
sum of the first 7 terms of the series is 2046. 
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Sequence and series 
Determine the value of n, where n € N. 
i. > 20 — 4k) = -20 ii. Y Gk +2) = 1105 
ili. YC8). (0.5)! = -° IV. Dk Cig = 3280 


The first, second and tenth terms of an arithmetic series are equal to the first, fourth 
and seventeenth terms of a geometric series respectively. 


a) If the first term of the arithmetic series is ‘a’, the common difference is ‘d ‘and the 
common ratio of the geometric series is ‘7’, then form two equations by combining 
the two series. 


b) Determine the value of common ratio ‘7’. 


c) If the tenth term of the geometric series is 5120, then determine the values of ‘a’ 
and ‘d’. 


d) Determine the sum of the first 20 terms of the arithmetic series. 


Draw an equilateral triangle. Draw another equilateral triangle connecting the 
midpoints of its sides. Draw another equilateral triangle connecting the midpoints 
of the sides of that triangle. Draw 10 triangles in this manner. If each side of the 
innermost triangle is 64 mm, find the sum of the perimeters of all the triangles. 


10. Shahana plunted a sapling in his educational institute. After one year, the height 


Ih, 


of the sapling is 1.5 feet. The next year, its height increases by 0.75 foot. Every 
year, the height of the tree increases by 50% of the previous year’s increase. If it 
continues to grow like this, how high can the tree be after 20 years? 


Find out your family’s expenses for the last six months. Consider each month’s 
expenses as a term and try to convert them into a series if possible. Then try to solve 
the following problems. 


a) Is it possible to create a series? If so, explain what kind of series you have got. 
b) Express the sum of the series in an equation. 
c) Determine how much can be the total expenses for the next six months. 


d) Write down your observations about your family’s monthly/annual expenses. 
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You can learn from this experience- 

e Characteristics of exponent 

e Concept of logarithm 

e Relationship between exponent and logarithm 
e Base of logarithm and their limitations 

e Arguments for logarithm and their limitations 
e Laws of logarithm and their proofs 


e Characteristics of logarithm 


e Application of logarithm 
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scenario where the number of bacteria detected in an examination 2 
in a particular environment is 4500. These bacteria double in . fe : 
number every hour. you can certainly understand that within a %: ve? 


Concept and Application of Logarithm 


Concept and Application of Logarithm 
Do you know that bacteria reproduce at a very fast rate? imagine a | 3 Pay ae SS 


few hours the number of bacteria will increase significantly. For ys > 


example- 


The bacterial count in the 1‘ hour can be expressed as- = 4500 xX 2 


=9x 1000 =9 x 10° 


The bacterial count in the 2™ hour can be expressed as- = 9000 x 2 


= 1.8 x 10000 = 1.8 x 10% 


You know that these kinds of forms are called exponents. You can understand that we 
can express very large numbers using exponents. 


Calculate the bacterial growth from the 1* to the 10" hour and complete the table 3.1. 


Individual work- 01 


Time 


1** hour 


Table - 3.1 
Number of bacteria 
4500 x 2 = 9000 


expressed in exponents 


4500 x 2! 


2™ hour 


9000 x 2 = 18000 


4500 x 2? 


3" hour 


4 hour 


5 hour 


6" hour 


7" hour 


8 hour 


9 hour 


10" hour 


So, in the above calculations, we can see that large numbers can be expressed in 


exponents. 


Can you write down the number of bacteria at the n™ hour? At the n™ hour, the number of 
the bacteria will be 4500 x 2". if the number of bacteria at the n-th hour is 147,456,000, 
we can write 4500 x 2"= 147,456,000. This kind of equation is called the exponential 
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equation. Now tell us how we can get the value of n from this equation. How can we 
find out the value of an unknown exponential expression from an exponential equation? 
The usual form of an exponential equation is b" = a where b > 0 and b # 1. Now the 
question is how we can find out the value of n? 


In this case we can use logarithm. Using Logarithm exponential equation can be writen 
as That means, 


b" =a & log, a = n, that is, n is logarithm of a with base b. 


( b" = a (where b > 0 and b 1) if and only if n =/og,a ) 


b is called the base of log. log is the short form of logarithm. 
A question must be raised in your mind. Who first gave the 
idea oflog. Let us briefly know about log. The word logarithm 
derived from the Greek words logos and arithmos. logos means 
ratio and arithmos means number. So, the word logarithm means 
the ratio of numbers. Scottish mathematician John Napier first 
used this term in one of his books in 1614. You already know 
about exponents or exponential expressions in detail. Actually, 
with a view to finding out the value of exponential expression, 
logarithm is used. 


John Napier 


Exponent and log are the same idea but they can be expressed 

in two different ways. We can express a number through an exponent. We can express 
the same number through log. It does not change the value of the number. For instance, 
9 can be expressed as 3*. Then 3” = 9 is an equality of exponential expression. Can 
you tell us what other way we can write exponent 2. 2 is the 3 based log of 9. If we 
mathematically express the statement, it would be 9. Likewise, from the exponential 
relationship 2? = 8, we can say that 3 is the 2 based log of 8. If we mathematically 
express the statement, it would be 3 = log, 8. 


Notice that in case of exponential equality 2? = 8, the base of exponent is 2. Again in 
case of 3 = log, 8, the base of log is 2. 


Therefore, the base of the exponent and the base of the log are the same or equal. 


Pair work 


The relationship between exponential equality and /og has been 
shown in the following table ((Table- 3.2). Fill in the blanks. 
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Table- 3.2 
Exponential Expressed in log Mathematically 
equality expressed through log 

3°=9 Exponent 2 is the 3 based Jog of 9 | 2 = log, 9 
23=8 
fav 

teas oll Galvan. 
2 6 6= log, &4 

Exponent —4 is 3 based log of 7 


We have so far learned the mathematical presentation of the relationship of exponents 
by expressing in Jog. Now validate your experience by filling the following table 
expressing the relationship of exponents in /og and expressing the relationship of /og in 


exponents. 


Bie imieus Pair work 


—— 


Express the relation of 
exponent in log. 


Express the relation of 
log in exponent. 


SSE OM ON Relation of log Relation of log eure 
exponent exponent 
2*= 16 4 = log, 16 3 log,8 2?>=8 
34=8] 6 = log, 64 
2’7= 128 3 = log, 27 
93 = = 4 = log,, 10000 
1 
ou =N5 —4= log, (G2) 
34-2 += log, v2 
3 nie 
10? = 100 3 = log,, 1000 
10° = 100000 t= logy 


62 


Mathematics 
The Limitation of the Base of log 


You have noticed that while converting the relationship of exponent into log, a condition 
has been imposed on the base b. The condition is b > 0 and b # 1. This the limitation 
of the base of Jog. 

Condition-1: When b < 0. 

We know that (—3)z = V-3, and it is unreal. From this relation, we get 


1 
7 log _,VJ-3 . 


As we get the unreal value \/—3 for the base —3, negative number as the base of the log 
is not acceptable. So, the base of /og cannot be a negative number. 


Condition-2: When b = 0. 
We know that 0 is for 0* = 0 so, 2 = Jog,0 and 0 is for 0° = 0 so, 3 = /og,0. 


Have you noticed one thing? From the above relations we can write 2 = 3 and it is 
illogical. 


So, b #0. That means the base of /og cannot be 0. 


Condition-3: When b= 1. 


We know that any integer number for n is 1"= 1. So, n = Jog,1 . That means ifn = 4, 
4 = log,1 = 0, and it is illogical. So, b # 1. That means, the base of Jog cannot be 1. 


Giow the above conditions, we can conclude that- » 
e the base of /og cannot be a negative number. 
e the base of /og cannot be 0. 


e the base of /og cannot be 1. 


So, we can say that the base of log can be any positive number except 1. 


. 4 


The Arguments for log and Their Limitations 


You know that, b is called the base of n. Then what do we call n? n is called the 
argument of /og. There are limitations of the argument of /og. 


If b > 0 and b 1, y = b" is always positive for any value of n. That is, b" = y > 0 and 
then n = log, y. That is why the argument of /og is always a positive number. This is very 
cautionary information about Jog. 
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Types of Logarithm 
There are two types of logarithm. They are: 
e Natural logarithm 


e Common logarithm 


Natural Logarithm 


When the base of the /og is e, it is called natural logarithm. /og x is expressed in In 
x. John Napier first expressed the logarithm considering e as the base. That is why this 
kind of logarithm is called Napierian logarithm or e based logarithm. e is an irrational 
number whose value is 2.71828183... 


Common Logarithm 


An English mathematician Henry Briggs made a /og table in 1624 considering 10 as 
the base. This logarithm is called Briggsian logarithm or 10 based logarithm. It is also 
called common logarithm. Common logarithm is expressed by /og,,x . 


You will notice that e is the base of In x and 10 is the base of log x . That means- 


( log, x = Inx and log, x = log x ) 


Some Formulas Related to Logarithm 


Since the concept of log has come from the concept of exponent, in order to get the 
formulas of log, we have to know the formulas of the exponent. Fortunately, we already 
know the formulas of the exponent. For the ease of the work, we have written down the 
formulas of exponent here. 

Formulas of Exponent 


For any real number x and y and for any natural number m and n, 
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1 x” x x” — xan 


4. (= O40) 7. xt=+ #0) 
eo x™-" (x £0) a a a 
x" 5. ion)" = yn 8 Go" = Ce 
3. (xy)" =x" y" 6, P=1 (x#0) (x #0, y #0) 


Some Formula Related to Logarithm and Their Proofs 
Formula 1. log, 1 = 0 


Proof: We know from the exponent that b° = | 
Expressing this exponential expression in Jog , we get- 


log, 1 = 0 (Proved) 


Formula 2. log, b= 1 


Proof: We know from the exponent that b! = b 


Expressing this exponential expression in Jog , we get- 


log, b = 1 (Proved) 


Formula 3. log,(AB) = log, 4 + log, B 


Proof: Let us imagine, log, A=x and log, B =y 


Expressing this logarithmic expression in exponent , we get- 
b* =A and b’=B 
or, b* bY =AB 
or, bY = AB 
Expressing this exponential expression in Jog , we get- 
log, (AB) =x +y=log, A+ log, B [Placing the value of x and y] 
-. log, (AB) = log, A + log, B (Proved) 
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A 
Formula 4. log, (|) = log, A — log, B 


Proof: Let us imagine, log, A =x and log, B = y 


Expressing this logarithmic expression in exponent , we get- 


b=Aandb"=B 


. ob _A 
"pp B 
A 

Saas AF 
or, b 3 


Expressing this exponential expression in Jog , we get- 
log, (4 ~)=x-y=log, A — log, B [Placing the value of x and y] 
aoe (4)= log, A — log, B (Proved) 


Formula 5. log, A* = xlog, A 


Proof: Let us imagine, log, A =y 


Expressing this logarithmic expression in exponent , we get- 


b=A 
or, (b’)* = A* [Placing the power x on the both sides] 
or, bY =A* 


Expressing this exponential expression in Jog , we get- 
log, A* = xy = x log, A [Placing the value of y] 

“. log, A* =x log, A (Proved) 
Formula 6. log b x log, c= log c 
Proof: Let us imagine, log,c = x and log ¢ = y 
Expressing these two logarithmic relations in exponent, we get- 
b=cand @=c 
We can write from the above relations- 


b' =a" 
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By placing the power ~ on the both sides, we get- 
(bx =(@)r 

or, b= ay 

Expressing this exponential expression in Jog , we get- 
log b= = 

“log bxx=y 


Now, let us place the value of x and y. 


“. log b x log, c = log c (Proved) 


Formula 7. 5!08,4 = a 

Proof: Let us imagine, log,a = x 

Expressing this logarithmic expression in exponent , we get- 
be=a 

Now, let us place the value of x. 


-. blOS,4 = a (Proved) 


Formula 8. x!08,¥ = ylog,x 

Proof: Let us imagine, y= m and x =n 

Expressing these two logarithmic relations in exponent, we get- 
b™ = y and b" =x 

Now, b” =y 


By placing the power 7 on the both sides, we get- 


(b” n— y" 
bey, (1) 
Again, b” = x 


By placing the power m on the both sides, we get- 
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( oy _ x” 


el ae eet! (2) 

We can write from the relations (1) and (2) that 
xm =y" 

Now, let us place the value of m and n. 


-, xlog,y = ylog,« (Proved) 


Formula 9. log b= 
a log,a 


Proof: We already know that log b x log,c = log c 
Now, let us place c =a. 

log b x log,a = log a 

or, log b x log.a=1 [log a= 1] 


_. 4 
“. log b jog, (Proved) 
log x 
Formula 10. log x = 
@  log,a 
Proof: According to the formula number log b x log,x = log x. 
1 _ 7 a 
log, xlogx=logx [log b log, ] 
og x 
It means that log x = ——* (Proved) 
q”  log,a 


Whatever the base is, natural logarithm and common logarithm abide by the following 
formulas. 
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1. log, 1=0 5S. log,A* = xlog,A o: beh= — : 
2. log,b=1 6. log b x log,c= log c ep 
] log x 
a i is log,A+log,B |7. b'°S:4=a 10.log x = ee 
b 
4. log (4 =) =log A—log,.B | 8. logy = ylog,x 


Characteristics of Exponents 
i. Ifb*=b forb>Oandb#1,x=y. 
ii. Ifat=b* for a>0,b>0andx#0,a=b. 
i. Ifb*=1 forb>Oandb41,x=0. 
iv. Ifb=1 for b>0 andx40,b=1. 


Characteristics of log 


Among many characteristics of log, some notable characteristics have been mentioned 
below. 


1. Ifb>1landx>1, log,x>0. 
If0<b<1and0<x<Il, log, x>0. 
If b>1 and 0<x <1, log, x <0. 


— 2 ie 


If log, x =log,y for x >0,y>Oandb#1,x=y. 
Let us calculate using log 


Example 1. log.125 = log.5° = 3log.5 [As log A* = xlog A] 
= 3x 1 [As log a= 1] 


=3 
y V 1 
Example 2. log (2 aE) igs E 4% we is ( x 2v10 ) 
“160 °\/16 * 10 EY aalTO. 
4v10 . 
log. = log.1 = 0 [Since, log 1 = 0] 
(i) 
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Concept and Application of Logarithm 
Example 3. log, ,3 + 2 log,,5 = log, 3 + log,,5” [As xlog A = log A*] 
= log, ,3 + log, 20 
= log,,(3 x 25) [As log (AB) = log A + log B] 
= log, 75 
Example 4. 


Let us find out the value of x from the relation log Gp) =-2 


Expressing this logarithmic expression in exponent , we get- 


Pair work 
Find out the value. 
b? 
1. log, (22) + tog, (22) + tog, (2) 
2v30 927 bv @ 


2. 2log,,3 + 3 log,,4 + 2log,,5 


The Use of Device in Finding Out the Value of Logarithm 


Well, think of how we can find the value of log,3. Let us convert log into exponent 
for better understanding. Let us imagine log,3 = x. Then, 2* = 3. Now tell us for 
which value of x, 2* = 3? The solution is not simple, is it? For this reason, the log table 
was made. Nowadays, we can easily calculate these values using various devices like 
calculators or computers. 
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fe] Brain NCSU Pair work 


Complete the following table & 
(3.3) using a device. A few were ’ | 


done up to 5 places after the Bg 


decimal marker. - 
Table 3.3 
log value exponent log value exponent 
log,3 1.58496 Qe eS log,16 
log,5 log.3 
log,7 log, 4 0.60206 Lea A 


The Use of Logarithm 


There are many uses of logarithm in real life. Some examples have been discussed here. 


Logarithm is Compound Interest 


You all are familiar with compound interest. Recall the formula of compound interest. 
It is like- 


A=P(1 +r)" 


Here, P initial capital, A compound capital, r compound interest rate and n number of 
time period 


Problem: In how many years will the compound capital double at 8% interest rate 


Solution: Let us imagine, initial capital = P, compound capital A = 2P and the rate of 


compound interest r = 8% = 2 0.08. 


100 


So, we get from the formula- 
2P = P(1 + 0.08)" 
or, 2 = (1+0.08)" 
or, 2 = (1.08)" 
or, nm =log, 2 = 9 
So, the capital will double in 9 years. 
fal 
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Ieee Pair work 


In how many years will the compound 
capital increase by 40% at 12% interest 
rate? 


Logarithm in Calculating the Depreciation of an Object 
The decrease in the value of an object over a period of time is called depreciation. 
PP, =F = Ry 
Here, initial price is P, rate of depreciation is R, period of time 7 and markdown after 
Tis P,. 
Problem: The depreciation of car price 


In how much time will the price of a car be reduced to half with a 4% markdown rate? 


Solution: We can write from the formula of depreciation- 
Polak) 


Let us imagine, initial price of the car is P and After the time period of 7, the price 
of the car is reduced to half. That means after the period of 7, the price of the car is 


P= a The rate of markdown R = 4% = ee 0.04. 


ae) 100 
so, 

£ = PCI - 0.04)" 

F=(1 - 0.04)"= (0.96) 


T = log, ,,(0.5) = 17 


So, the price of the car will be reduced to half in 17 years. 
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Pe wieies Pair work: Lifespan of Industrial Machinery 


If the price of a factory’s machinery is halved each year, how many 
years will it take for a 60% price reduction? 


Logarithm measuring soil fertility 


You know, a good harvest depends on the 
fertility of the land. As time passes, the fertility 
of the land decreases. For this reason, to get a 
good crop, you need to apply fertilizer to the 
land. The amount of fertilizer to be applied 
depends on how much the soil fertility has 
decreased. If we know the rate of decline of 
soil fertility, we can calculate the required 
amount of fertilizer. As a result, the wastage 
of fertilizer will be reduced, the damage to 
the environment will also be reduced. 


Example: If the fertility of the land decreases at the rate of 2% per year, after how 
many years the fertility of the land will decrease by 30%? If every kg of fertilizer 
increases the fertility of 1 katha of land by 5%, what amount of fertilizer should be used 
in 1 bigha of land every year? [ 1 bigha = 20 katha] 


Solution: From the law of depreciation we know, P,.= P(1 — R)’ 
Here, the initial fertility of the land is P 
Rate of fertility decline R = 2% = 0.02. 
soil fertility after T time P,,= P x (100 — 30)% = P x 70% = 0.70P 
So, 0.70P = P x (1 — 0.02)" 
or, 0.70 = (0.98)" 
ot, T= log, o, (0.7) = 17.6 

So, after 17.6 years the fertility of the land will decrease by 30%. 

Again, to increase the fertility of 1 katha land by 5%, required fertilizer is 1 kg. 


To increase the fertility of 1 katha land by 2%,required fertilizer is = kg 


To increase the fertility of 1 bigha land by 2%,required fertilizer is 2 x 20=8kg 


[1 bigha =20 katha] 
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Logarithm in Measuring the Magnitude of earthquakes 


We all are familiar with earthquakes. This is a natural disaster. If the magnitude of an 
earthquake is low, the damage in the area is relatively low. If the magnitude is high, the 
damage of lives and properties is comparatively high. Scientists can measure the 


magnitude of earthquakes. s 


Do you know how to measure the magnitude of an 
earthquake? Charles Francis Richter proposed the 
following formula to measure the magnitude of an 
earthquake. 


Magnitude of an earthquake , R = log (4) 


Here, 7 = the maximum intensity covers an area 
of 100 radius from the source of the earthquake and S = the intensity of a standard 


1 
10000 °"" 
The instrument used for measuring earthquake is called seismograph. It was invented 
by Charles Francis Richter. This instrument was named Richter scale after him. On the 
Richter scale the magnitude of an earthquake is denoted by R. 


earthquake whose amplitude is 1 micron = 


In case of a standard earthquake, J= S. 


Therefore, the magnitude of an standard earthquake is- R = log() = log1 =0 


So, R = 0 expresses that no earthquake took place in that place. 
An Observation 


Let us know a very interesting thing. Can you imagine that a 6 magnitude earthquake 
is 10 times stronger than a 5 magnitude earthquake? The reason is- 


Let us imagine the intensity of a 5 magnitude earthquake is /, and a 6 magnitude 
earthquake is /,. So, 


I I 
5 =log,, ca and 6 = log,, (=) 


‘ fe. 5 i 6 
Fe 5 10 and 5 10 


10° 


10° 


or, 


able 
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I 

ag 
or, 1. 10 
JL = 10 xT. 


So, we can see that a 6 magnitude earthquake is 10 times stronger than a 5 magnitude 
earthquake. 


Pair work 


Show that a 7 magnitude earthquake is 100 
times stronger than a 5 magnitude earthquake 
and a 8 magnitude earthquake is 1000 times 
stronger than a 5 magnitude earthquake. 


———— 


Y ti increase in magnitude by | on the Richter scale increases the strength of an 
earthquake 10 times. For the increase of the magnitude by 2 or 3, the strength of 
earthquake increases 100 or 1000 times. Can you tell why it is happening? 
Actually, the intensity is measured using a 10 based log. 


Problem: In February 2023, an earthquake took place in the southern part of Turkey. 
The magnitude of that earthquake on Richter scale was 7.8. After 9 hours, another 
earthquake took place in the southwest of Turkey with a magnitude of 7.5. How many 
times stronger was the earlier earthquake than the later earthquake? 


Solution: Let us imagine, 


I, = the intensity of the earlier earthquake, /,= the intensity of the later 
earthquake and S = the intensity of a standard earthquake. 


vi 
So, on Richter scale, the magnitude of the earlier a is=lo S.olg) 
and the magnitude of the earlier earthquake is = lo me 2), 


According to the question, 


l. is 
log (=) S78 vcs (1) and log (=) =o ee (2) 
Subtracting number (2) from number (1), we get- 

ig d, 
log, ¢) — log, (¢) = 7.8 - 7.5 
of, (log, J, — log, .s)— (og, 1 —log..3)— 0.2 
or, log, ,/, — log,,s — _ + log .s=0.3 
or, log, f, — log.of, = 

1D 
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or, log, (44) =O 
2 


Expressing this logarithmic relation in exponent, we get- 


10°3 = f 
ie 
or. zl = 10° 
J; 
I 
or, — * 1.995262315 
Z 
z 22 
i, 
L220 


So, the earlier earthquake was two times stronger than the later one. 


Group work 


Problem 1: On 14 July 1885,an 
earthquake with a magnitude of 7.0 took 
place in Manikganj. On 27 July 2003, 
an earthquake with a magnitude of 5.1 
took place at Barkal in Rangamati. How 
many times stronger was the Manikganj 
earthquake than the Rangamati 
earthquake? 


Problem 2: At the beginning of the 

last century, an earthquake in North America was recorded with a magnitude of 8.3 on 
the Richter scale. Another earthquake took place in South America which was 4 times 
stronger than the North American one. What was the magnitude of the South American 
earthquake? 


Measuring the Intensity of Sound Using Logarithm 


In order to measure the intensity of sound, logarithm is used. Decibel is the unit of the 
intensity of sound. 


The intensity of sound is , 


d= 10log,,(-¢) 


Here, / = the maximum intensity of sound in each square meter expressed in watt 
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S = the maximum intensity (below which human beings cannot hear) of sound 
in each square meter expressed in watt 


S=10-?w/m?. 


Example1: A sound machine is continuously producing a sound of 2.30 x 10°w/m?. 
In how many decibels will the sound reach the ear of the people present in that place? 


Solution: We know that the intensity of sound is d =10log,,(-¢) : 


Here, [=2.30 x 10°w/m? 
and = S=10-?w/m? 


2.30 x 10?w/m? 
“d= 10log,, ( 10-2w/m? ) 
2.30 x 107 
=o log,,(— pas) 


= 10 log,,(2.30 x 107*!”) 
= 10 log, (2.30 x 10" ) 
= 10(log, ,2.30 + log, ,10'*) 
= 10(log, 2.30 + 14 log, 10 ) 
~ 10(0.3617278 + 14 x 1) 
= 10(0.3617278 + 14) 
= 10 x 14.3617278 
= 143.617278 
= 144 
.. The intensity of sound is 144 decibel. 


Pair work 


Problem 3: An brick breaking machine is continually producing 


a sound of 3.14 x 10° w/m?. In how many decibels will the 
sound reach the ear of the laborers? 


Example 2: If the sound level from a source is 4.0 x 10-°w per 
square meter, what will be the sound level expressed in decibels? 


Solution: We know that the intensity of sound is d = 10 log, (<) 


ay 
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Concept and Application of Logarithm 
Here, [=4.0 x 10->w/m? 
and = S=10-? w/m 


4.0 x 10-°w/m? 
“d= 10 log, ( 10-!2 w/m2 ) 
4.0 x 10->> 
=10 log,,,( 10-2 ) 


= 10 log,,(4.0 x 10-°*” 
= 10 log, (4 x 10”) 

= 10(log,,4 + log, 10’) 
= 10(log, 4 + 7 log, 10) 
= 10(0.60206 + 7 x 1) 
= 10(0.60206 + 7) 

= 10 (7.60206) 


= 76.0206 =~ 76 
.. The intensity of sound is 76 decibels. 


Individual work 


Problem 4: An engine running auto rickshaw is producing 
sound of 2.35 x 10-°w w per square meter. How many decibels 
will the sound reach in your ear while sitting in that rickshaw? 


Example 3: From a hot water pump, a sound of 50 decibels is being emitted. On the 
other hand, an irrigation pump is emitting a sound of 62 decibels. How much more is 
the sound intensity of the irrigation pump than that of the hot water pump? 


Solution: We know that the intensity of 
the sound is 


= I _ 
d= 10 log «(<), Here, d= 50 
Let us imagine- 
in case of hot water pump, the 
intensity of sound is J=h 
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so, 50 = 10 log, (£4) 


S 
Diving the both sides by 10, we get- 
h 
5= log, ("g) 
or, 4 = 10° 
h=10°xS......... (1) 


in case of irrigation pump, the intensity of sound is /= w 
“ 62= 10 log, (-<) 
Diving the both sides by 10, we get- 


6.2= log10(*4) 


S 
or, 7 = 10° 
= NOP Ss scxdcans (2) 
We get from (1) and (2)- 
w_ 10°*x§ 
h 10°x§S 


or, a. 10> 


or, = 15.85 
we15.85 xh 


So, the sound intensity of the irrigation pump is 15.85 times more than the sound 
intensity of the hot water pump. 


Wa 
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. In July 1999, an earthquake with a magnitude of 


Concept and Application of Logarithm 


Exercise 


. Find out the value using different formulas. 


ath + cta 
(i) 20343 + 29243 — 1264 (ii) - ae ae 


x ‘ Via atb-—c 7 btc-a Ze cta-b 
Using different formulas, prove, |— x {— x |— 
Zz Zz Zz 


Express the following exponential equalities in log and find out the value of x using 
a digital device. 


(ii) 2° = 64 (ii) (1.2) = 100 (iii) 7* = 5 (iv) (4) =] 


. Inhow many years will the compound capital be 3 times at 10% compound interest rate? 


You all know the name of corona virus. This virus spreads quickly. If corona virus 
spreads from 1 person to 3 persons per day, how many people will be infected with 
corona virus in 1 month? After how many days, | crore People will be infected? 


Setu’s uncle has 3 bighas of land. He applies 30 kg of organic fertilizer every year 
to maintain the fertility of his land. If each kg of fertilizer increases the fertility of 
the land by 3%, find the depreciation of the land of Setu’s uncle? If he does not 
apply fertilizer to the land, then after how many years will his land have no crops? 


. On 8 July 1918, an earthquake with a magnitude of 7.6 took place at Srimangal in 


Moulvibazar. Another earthquake with a magnitude of 6.0 took place in Chattogram 
on 22 November 1997. How many times stronger was the Srimangal earthquake 
than the Chattogram earthquake? 


. Once, an earthquake with a magnitude of 8 took place in Japan. In the same year, 


another earthquake took place which was 6 times stronger than the previous one. 
What was the magnitude of the later earthquake on the Richter scale? 


5.2 took place at Maheshkhali in Cox’s Bazar. 
On 6 February 2023, an earthquake took place in 
the southern part of Turkey which was 398 times 
stronger than the Maheshkhali earthquake. What 
was the magnitude of the Turkey earthquake? 


80 


Polynomial Expression in Nature and 


Technology 


You can learn from this experience- 


Construction process of polynomial expressions . 

Addition, subtraction, multiplication and division of polynomials 
Methods of factorization of polynomials. 

Factor theorem 

Factorization of perfect square expression 

Factorization of addition and subtraction of cubic expressions. 


Different methods convert to partial fractions. 
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Polynomial Expression in Nature and Technology 


Nature is full of mystery. Human beings have been trying to upgrade their wisdom by 
observing the creation of nature. 
Gradually, they have become scientists. 
Scientists invent and discover different 
things using their acquired knowledge 
according to their needs. Human beings 
have found that mountains were created 
for maintaining the equilibrium of 
earth. Based on this finding, the concept 
of sustainable architecture. In this 
chapter, we will try to find out where 
and how the model of polynomial 
expressions has been hidden behind the mighty nature and how these expressions have 
been used in technology. 

Polynomial expressions are algebraic expressions. Problems related to numerical 
expressions are converted to algebraic expressions using variables for any number. 
After that the problem is solved through algebraic formulae and the result is used for 
any number. Let’s learn how to form polynomial expressions from real life problems 


1. Forming Polynomial Expressions from Real Life Problems 


Minhaj’s father ordered three tables from a 
carpenter. One was Minhaj’s reading table; one 
was their dining table and the other one was for 
Minmhaj’s younger sister’s toys. The carpenter 
asked for the measurement of the tables. In that 
case, Minhaj’s father asked for Minhaj’s opinion. 
Minhaj is a student of class nine and he has some 
ideas about measurement. He told the carpenter 
that the length of her sister’s table would be one 
unit less than twice the width. The length of his ~— 
table would be one unit more than the square of the width and the length of their an 
table would be one unit greater than the cube of the width minus twice the width. If the 
width of each table is x, the length of Minhaj’s sister’s table = 2x - 1. 


Individual task: Express the length of Minhaj’s reading table and 


dining table through. 
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The equations obtained by using the variable x to measure the length above are 
polynomial expressions. 


2. Polynomial Expression 


In your previous class, you learnt about terms and variables of algebraic expressions. 
The variable of algebraic expression is a symbol that indicates any numeric expression. 
With the use of variables, we can convert the numeric expression into algebraic 
expression. When a variable refers to a particular number, it is called constant. The 
product of one or more variables and constant is a term of algebraic expression. The 
algebraic expression containing one or more terms is called a polynomial expression. 
In polynomial expressions, the summation of every term of a variable’s index is 
considered the degree of the term. The term whose degree is zero is called constant 
term and the highest degree of those terms is called the degree of polynomial. 


Example 1: 5x — 3 is a binomial expression containing one variable. Here, —3 is 
a term whose degree is 0. It means —3 is a constant term. Again 5x is a term whose 
degree is 1 and 5 is the coefficient of x 


Example 2: xy —5x + y is a trinomial expression containing two variables. Here, x and 
y are the two variables and there are three terms in this expression. xy is a term whose 
coefficient is 1. 


a. Individual task: 


Write down five polynomial expressions mentioning the number of variable 
and term. Find out the constant term and coefficient of each expression. 


3. Polynomial Expression with one Variable 


Here, we will discuss polynomial expression containing one variable (x). For example 
1 3, 2x, -—x’, x* etc. are the monomial expressions with the variable x. 
2 1+2x, -—2 +x‘ etc. are the binomial expressions with the variable x. 


Now, we will discuss the general form of expressions. The general form of polynomial 
expression with one variable is: 


GM 1G UP axe + axt ad, a 70 
It is indicated by p(x)). It means: 


= n n-1 eds 2 
P(x) = ax +a, {x ™ tax +tax+da,a, #0 
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Here, 


eo a,a 


nv 


e nis a non-negative (zero and positive) integer number. It is considered the 
degree of p(x). 


“+, @,, a, are real numbers 


n-1? 


e Ifn=0, p(x) =a, It is a constant quantity. 
e p(x) = 0 is considered as a zero polynomial. 


e Inthe polynomial expression p (x), a,x” are the terms for any magnitude of n. It 


means that a,x is aterm, a, x’ is a term. Here, a , 18 also a term that is constant 
in nature. 


e a,is a coefficient of x” for every n. It means that a, coefficient of x; a, is a 
coefficient of x? . 


e a,x"is a prime term and @ is a prime coefficient. 


Pa Individual task: In the expression p(x) = 2x’ — 3x + 1, what is the 
degree, constant term, prime term, prime coefficient and the coefficient 


The value of p(x) that we get for any specific magnitude a of the variable x is referred 
by p(@). 


(— ) 
ea Individual task: If D(x) = 5x? — 3x + 1, find the value of p(0), p(1), 
s P(-1), p(2) and pC) ) 

\ 


fi 
Wa Group work: Divide into four groups. Complete one task from the 
followings. 


1. Write down linear polynomial expressions containing one variable with 
different terms. How many expressions did you write? 


2. Write down quadratic polynomial expressions containing one variable with 
different terms. How many expressions did you write? 


3. Write down cubic polynomial expressions containing one variable with 
different terms. How many expressions did you write? 
4. Write down quartic polynomial expressions containing one variable with 
q different terms. How many expressions did you write? J 
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Have you found any relationship between the degree and number of terms of polynomial 
expression containing one variable after scrutinizing the expressions that you wrote in 
your previous task? If you have found any relationship, please write down about the 
relationship in the following box 


(— 


NS. / 


4. The Graph of Polynomial Expression with one Variable 


It becomes easier to observe a problem when a mathematical problem is expressed in 
geometric form. We can express polynomial expressions with one variable in geometric 
form through a graph. Different values of polynomial expressions are obtained for 
different values of variables and the values of polynomial expressions can be expressed 
by using two- dimensional coordinate geometry. The form expressed through two- 
dimensional coordinate geometry is called the graph of polynomials. So, before drawing 
the graph, we need to learn about two-dimensional coordinate geometry. 


4.1 Two-dimensional Coordinate Geometry. 


In two- dimensional coordinate geometry, one  y- axis 
straight line is drawn horizontally and one 
straight line is drawn vertically. The horizontal 
line is called x-axis and the vertical line is called | < a = yas 
(x-axis). This plane is called xy-plane. The point one 

where x-axis and y-axis intersect is called origin. 
The origin referred by O. 


4.2 Position of a Point in xy-plane 


In xy-plane, the position of a point is expressed by (a, b) where a is taken from x-axis 
and b is taken from y-axis. Here, a is called abscissa and b is called ordinate. Numbers to 
the right on the x-axis from the origin are positive and numbers to the left on the x-axis 
from the origin are negative. In a similar way, the numbers above on the y-axis from the 
origin are positive and the numbers below on the y-axis from the origin are negative. 
We can express any point of xy-plane through the number of x-axis and y-axis. In order 
to show the point (a,b) on xy-plane, we need to move a unit to the positive direction of 
the x-axis from the origin. After that we have to move we have to move b unit up to the 
positive direction of the y-axis from the origin. we got the point of (a,b) on xy-plane. 
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Example : In order to show the point eg 
positive direction of the x-axis from 
the origin. After that we have to move 
we have to move 4 unit up to the 
positive direction of the y-axis from 
the origin. The intersection we got is 
the point of (3,4) on xy-plane. The 
position of origin is expressed by 
(0,0). In this way, we can refer to any 
point on xy-plane. In the adjacent 
figure, the points (0, 0), (3, 4), (-5, 
4), (-5, -5) and (6, -4) have been 
shown. ane* 


= 
S 


9 
8 
7 
6 
5 
4 
3 
2, 
1 
0, 
-] 


boerdgankvow 


Pair work 


py 
S 


Place the following points on the 
adjacent xy-plane. (3, 0), (1, 2), (0, Y 
4), (=3, 5), (6, 0), 


(-4, -5), (0, -3), (4, -2) 


ra 
S 


4.3 The Fundamental Way 
of Drawing the Graph of 
Polynomial Expressions with 


y 
One Variable x 
109 8765%32- 


BT JoRn Nw BUA XID 


45678 910 


[= 
oa 
ve NM 


Suppose, p(x) is a_ polynomial 
expression. We have to find out the 
value of p(x) for different values of x. 
If the value of x is a, the value of p(x) 
will be p(a) So, the point (a,p(a)) 
will be placed on the polynomial 
expression p(x) on xy -plane. After 
finding out the value of p(x) for 
different values of x and placing the 
points considering the values of x and p(x), we have to add the points through a straight 
line. This will be the graph of polynomial expression p(x). 


1 
So woADAAUAKYY 


e 


To draw a graph of a polynomial expression is quite difficult. In many cases, it is 
nearly impossible. In the next grade, you will learn how to draw different graphs. We 
are lucky that we are living in an era of digital technologies. We can draw a graph 
of polynomial expression by using graphics calculation, computers, even by using a 
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smartphone. Do you know how these devices draw a graph? The technologists have 
set a program regarding the fundamental way of drawing graphs that is able to make 
a graph by placing several points within a moment. When you will get older, you will 
also contribute to ICT that will make people’s life easier. Now we will discuss the way 
of drawing the graph of small polynomial expressions containing power. In polynomial 
expressions, we will use a, b, c as the coefficients. 


4.4 The Graph of Linear Polynomial Expression 


The form of linear polynomial expression is: 

pPQ@)=ax+b, aFO0 
It is easy to draw the graph of linear polynomial expression because it indicates a straight 
line. Finding out two different point is enough to draw the graph of a linear polynomial 
expression p(x) . In order to draw the graph of linear polynomial expressionp(x), we 
have to find out two values of p(x) for two different values of x After that we have to 
place two points on xy -plane considering the value of x and p(x) Finally, a straight line 


has to be drawn for connecting the two points. This straight line would be the graph of 
the linear polynomial expression p(x). 


Example: 
Draw a graph for the linear polynomial expression p(x) = 2x + 1 


Solution: Suppose, y = p(x) = 2x + 1. 


Find out two values of y in reference 


to two values of x and complete the table 


below 
x -3 0 
y -5 1 
(x, y) (-3, -5) (0, 1) 


Place the points obtained from the above 
table on the graph paper given above. 
Three points have already been placed 
for your convenience. Any two points 
would be enough here. Now, connect the 
points. What can you see? You will see a 
straight line. So, it is clear that the linear 
polynomial expression 2x + 1 refers to 


a straight line. 
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Pair work: 


Create graphs for the followinglinear % 


polynomial expressions. 


1)x-1, 2k;  3)—<¥r? 


Match your graphs with the adjacent figure. In 
this case, you may use your digital device too. If 
your graphs do not match, you have to find out the 
mistake and make corrections. 


4.5 Linear Polynomial Expressions in 1 
Nature and Technology 


The geometric forms of linear polynomial expressions 
are similar to different objects of nature. The leaves 
of different plants look linear, such as coconut leaves, 
palm leaves, betel leaves etc. These leaves are neatly 
organized. No line intersects another line. We need 
to learn about the linear polynomial expression if 
we want to understand the characteristics of natural 


4 
linear objects. 
y Y/)))\ 
ligt = Yy Several household objects are made in a linear manner, 
for example, table, chair. window, doors are made 


of linear wood. Technology is highly influenced by 
straight lines. The circuit design of different digital 
r devices is linear. In order to create the mathematical 


—— SQ Wy 4, model of these objects, we need the knowledge of 


linear polynomial expression. 


N 


4.6 The Graph of Quadratic Polynomial Expressions 
The general form of quadratic polynomial expression is: 
px) Har tints, azo 


Drawing the graph of quadratic polynomial expression is not as easy as linear polynomial 
expression because it doesn’t indicate a straight line. In order to draw the graph of 


quadratic polynomial expression p(x), we need to find out several points. In case of 
taking the values of x, we have to understand for which two values of x the value of 
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P(x) is equal. If the value of p(x) is 0 for any value of x, we have to consider all these 
values of x. We have to find out the value of p(x) in reference to the different values of 
x. After placing the points considering the value of x and p(x), the points have to be 
connected through a line. This line will be considered the graph of the quadratic 


polynomial expression p(x) 


Example: Draw a graph for the quadratic polynomial 
expression. p(x) = x? - 3x - 1 


Solution: Suppose, y = p(x) = x? - 3x - 1. Now find 
out the value of y in reference to different values of x 
and identify the points of (x,y). Complete the following 75 
table. 


x | -1 0 1 2 3 4 
y 3 = ee ee: es g 


(x, y) (=I, 3) (0, =I) (1,=3) (2, =3) GO; =1) (4, 3) 
Now place the points obtained from the above table on the adjacent graph paper. 
Connect the points with a curve. Here, the values of x are 1 and 2 and y = -3. Asa 


result, the curve will touch the value 


= 1.5 of x and turn. We will get a curve just 
like the above graph. This curve indicates the quadratic polynomial expressione p(x) 
=x?-3x-1 
Pair work 
Draw graphs for the following quadratic polynomial expressions. 

1) x? -5x+ 6, 2) -x?, at t 


These expressions are quadratic 7 
polynomials. Their geometric 
forms are just like the curves 
drawn on the adjacent graph oP | 
paper. Match your graphs with 
the adjacent figure. In this case, 


oe a 5 
you may use your digital device a ee | 
too. If your graphs do not match, 
you have to find out the mistake 
and make corrections. +<———_ -’ 
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4.7 Quadratic Polynomial Expressions in Nature and Technology 


Look at the form of mountains and 
bananas. Their forms are similar to 
quadratic polynomial expressions. — 
Their forms can be expressed through 

quadratic polynomial expressions. 
We need to learn about the quadratic 
polynomial expression if we want to 
understand the characteristics of 


natural objects. 


We can see many man made things 
that have the influence of quadratic 
olynomial expressions, such as TTT 
biidee. gate oe This kind of strong JBOD SU > ‘ 
construction is made based on these gj 
mathematical models. In order to 
create such mathematical models, 
the knowledge about quadratic 
polynomial expression is needed. 


a 


i 


Individual task: 


Give five examples of quadratic polynomial expressions. Present the 


geometric form of your examples and explain exactly where these forms can 
be found in nature and technology. 


4.8 The Graph of Cubic Polynomial Expressions 


The general form of cubic polynomial expression is: 
PO=ar tie taxtd azo 


It is very difficult to draw the graph of cubic polynomial expressions. it does not indicate 
any straight line. For this reason, we need to learn about the characteristics of cubic 
polynomial expressions. Here, we will take several values of x for drawing the graph of 
p(x). We will find the value of p(x) considering the values of x. Then we will find the 
points (x, p (x)). If the value of p(x) is 0 for any value of x, we have to consider all these 
values of x. After that we have to place the points on xy-plane and connect the points 
with a line. This line will be the graph of cubic polynomial expression p(x). 
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Example: 
Draw a graph for the cubic polynomial expression p(x) = x* — 2x? + 2x - 1 


Solution:Suppose, y = p(x) =2° — 2x? — x + 2. Now find out the value of y in reference 
to different values of x and identify the points of (x,y). Complete the following table. 


e)ail © |i 2 3 J 


y 0 2 | 0 0 8 
(x, y) |(—1, 0)| (©, 2) | 1, 0) | (2, 0) | G, 8) 


Now place the points obtained from the 
above table on the adjacent graph paper. | 
Connect the points with a curve. This 
curve is the graph of the cubic polynomial =x 4 
expressions p(x) = x? — 2x7 -x+2 


Y’ 
Pair work 


Draw the graph of the following expressions. 


1) x3 — 4x? + 2x + 3, 230 = 3a 1, ce 


These expressions are — cubic YY. 
polynomials. Their geometric forms 4 
are just like the curves drawn on the 
adjacent graph paper. Match your 
graphs with the adjacent figure. In this 
case, you may use your digital device 
too. If your graphs do not match, you 
have to find out the mistake and make 
corrections 


4.9 Quadratic Polynomial 
Expressions in Nature and x 


Technology 


Think of the course of the rivers or the 
height of the mountain peaks. Their forms 
are similar to cubic polynomial 
expressions. These natural structures can 
be expressed through cubic polynomial 
expressions. We need to learn about the 
cubic polynomial expression if we want 
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ro 


to understand the characteristics of natural 


We can see many man made things that 
have the influence of cubic polynomial 
expressions, such as large bridges, gates 
etc. This kind of strong construction 
is made based on these mathematical 
models. In order to create such 
mathematical models, the knowledge 
about cubic polynomial expression is 
needed. 


A Individual task: 


Give three examples of quadratic polynomial expressions. Present the 
geometric form of your examples and explain exactly where these forms can 
be found in nature and technology. 


5. Polynomial Expression with Two Variables 


Real life problem 1 


In the market, rice and pulses of different prices are available. If the price of 1 kg rice 
is x Taka and the price of 1 kg pulses is y Taka, what is the price of 6 kg rice and 2 kg 
pulses? 


Price = 6x+2y Taka 
This a polynomial expression with two variable where the variables are x and y. 
Real life problem 2 
If the length of a land is x and the width is y, what is the area of that land? 
Area =xy 
This a polynomial expression with two variable where the variables are x and y. 


In this way, different real life problems can be expressed through the polynomial 
expression with two variables. Some examples are given below. 


l.x-3y+6 2.xy-1 3.x°+y* — xy 4,38-Vytx-y +5 
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5.1 General Form of Polynomial Expression with Two Variables 


Expression containing x and y variables is referred by p(x, y). Generally, the form of 
polynomial expression with two variable is ax” y" Here: 


e mand n are non-negative and integer numbers. 

e x”y" is the coefficient of a. 

eIfm =0, n = 0, then ax”y" = a is a constant. 

em + nis the degree of ax”y" and the degree of the constant term is 0. 


The highest degree of the terms of polynomial expression p(x, y) is called the degree 
of p(x, y). 


Example: Find out the coefficient and degree of every term of the polynomial 
expression p(x, vy) =x3 — x7’ + 5x 


Solutions:The coefficient of x* is 1 and the degree is 3. 
e The coefficient of — x*y? is —1 and the degree is 2 +2 =4 
e The coefficient of 5x is 5 and the degree is 1. 


So, the degree of p(x, y) =x? — x’y? + 5x is 4. 


Pair work: Find out the coefficient and degree of every term of the following 
polynomial expressions. What is the degree of the expression? 


1.2 — Sxty* + 3x 2. xy? — 5xy3+ y* 
3. xy+3y-—5 4.x°+ 2xy — 3y? + 5x - 2y 43 
6. Polynomials of three variables 


Polynomial expressions with three variables are formed from real life problems just 
like the polynomial expressions with two variables. 


Real life problem: What is the sum of the volumes of three cubes whose lengths are 
x, y and z? 


Solution: We know that x? is the volume of the cube whose length is x. 


The sum of the volume of three cubes containing the length x, y and z is x + y° + 2? 


This is a polynomial expression with three variables. 
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6.1 General Form of Polynomial Expression with Three Variables 


Expression containing x, y and z variables is referred by p(x, y, z). Generally, the form 
of polynomial expression with three variable is ax”y"z? The degree of general term is 
m+n -+ pand the highest degree of the terms of polynomial expression p(x, y, Z) is 
called the degree of p(x, y, z). 


Example: Find out the coefficient and degree of every term of the polynomial 
expression p(x, y, z) = xz — xy” + 2xz> . What is the degree of the expression? 


Solution: 
@ The coefficient of x* z is 1 and the degree is 3+1=4 
@ The coefficient of —x’y’ is-1 and the degree is 2+2=4 
@ The coefficient of 2xz? is 2 and the degree is 1+3=4 


So, the degree of the expression p(x, y, Z) =x? z — x*y? + 2xz? is 4. 


Pair work: Find out the coefficient and degree of every term of the following 
polynomial expressions. What is the degree of the expression? 


Le = 10a 2 2x2 26 2S eae 
3. Sxyz + 2xy* - 5y + 3z 4. x2y2 z+ 2yz3 - 3y2 + Sxy - 2z+2 


7. Polynomials with Special Characteristics 


You have noticed that there are many polynomial expressions. Many of these 
polynomials have complicated characteristics. If we know about the characteristics of 
polynomial expressions, it would be easier for us to use them for different purposes. 
Now, we will discuss some characteristics of polynomial expressions. 


7.1 Homogeneous Polynomial 


In different polynomial expressions, you have noticed that there are many polynomials 
whose degree of every term is equal. This kind of polynomial is called homogeneous 
polynomial, for example: 


1. x + y is a homogeneous polynomial with two variables whose degree of every 
term is 1. 


2.x? + 2xy + y’is a homogeneous polynomial with two variables whose degree of 
every term is 2. 
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3.x? — 3xz + 2yz — xy + y* is ahomogeneous polynomial with three variables whose 
degree of every term is 3. 


Pair work: 


1. Give 5 examples of homogeneous polynomials of two variables containing 
different term numbers whose degree of every term is 2 


2. Give 5 examples of homogeneous polynomials of two variables containing 
different term numbers whose degree of every term is 3. 


3. Give 5 examples of homogeneous polynomials of three variables containing 
different term numbers whose degree of every term is 2. 


4. Give 5 examples of homogeneous polynomials of three variables containing 
different term numbers whose degree of every term is 3. 


7.2 Symmetric Polynomial 


When two variables interchange their position and the expression remain unchanged, 
the polynomial is called symmetric polynomial, for example: 


Lary 2, xy 3.x°+y-x-yt) A. Sys Poe 


Pair work: 
1. Why are the above expressions considered symmetric polynomials? Explain. 


2. Give 5 examples of homogeneous polynomials who are not symmetric. 


7.3 Cyclic Polynomial 


Let’s think of an expression x + y + z + xyz. If y is replaced with x, z is replaced with 
y and x is replaced with z and the expression remains unchanged, we can call it a 
cyclic polynomial. When three or more than three variables interchange their position 
and the expression remains unchanged, the polynomial is called cyclic polynomial. 
We can show the interchange of position through geometry. For example, the cyclic 
displacement of the variable x, y, z are as follows: 
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x Zz 
L\ L~\ 


The cyclic displacement of the variables x, y, z, s, tis as follows. 


t 5 
io. | | 
————— ie 
Zz - ¥ x 


Example: 


1. x? + 3? + 2 is a cyclic polynomial expression with three variables. Here, the 
degree of every term is 2. So, the degree of the expressions is 2. 


2. *° + y+ 2 +w* — 3xyzw is a cyclic polynomial expression with four 
variables. Here the highest degree of a term is 4. So, the degree of the 
expression is 4. 


Pair work: 
1. Give an example of a simple cyclic polynomial expression with three variables. 


2. Give an example of two dimensional polynomial expressions with four variables. 


8. Addition, Subtraction, Multiplication and Division of 
Polynomials 


The variable of the polynomial indicates the numeric expression. Therefore, we can 
add, subtract, multiply and divide polynomials like the numeric expression. 


8.1 Addition and Subtraction 


In case of addition or subtraction of two polynomials with one variable, the coefficients 
of the terms that have the same degree have to be added or subtracted. 


Mathematics 


Example: If p@) = x° - 3x + 1 and q(x) = 2x? - x’ + 3, then what is result of 


POC) + q(x) and p(x)- q(x)? 
Solution: Complete the following table. 


8.2 Multiplication 
If a,b,c are the real numbers, then 
a(b+c)=ab+ac 


This is called distributive law.of real numbers 


Expression Coefficient Coefficient | Coefficient | Constant 
Ob Ol x of x ‘term 
P(x) I 0 
q(x) 3 
Sum of 3 
coefficient 
D(x) + qx) | =3x°- 2? -3x+4 
P(x) — g(x) 


With the help of this law, we can write that if a,b,c,d are the real numbers- 


(a+b)(c+d)=act+ad+bc+bd 


As the variables in polynomials are the real numbers, we can use this law/rule for 
polynomials. We can multiply or divide the polynomials like the real numbers. 
Previously, you learnt how to multiply polynomials. You learnt the multiplication of 
polynomials with the degree 0 and 1. We can multiply any polynomial by using the law 


of variables and the above formula. 
Example: Multiply x’+3 by x+2. 
Solution : (x2 + 3)(x + 2) =x2.x +2x2+3x+6 


=x3+2x2+3x+6 
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As Individual task 


1. Multiply 2x + 3y by 3x + 2y. 
2. Multiply x° y+ 5y — 1 byx’*+y’ 


8.3 Division 
You learnt how to do long division of numeric expressions. The process of diving 12 
by 5 is as follows: 
S12 
10 
Z 


Here, the dividend is 12, divisor is 5, 2 is the quotient and the remainder is 2. Just like 
numeric expressions, we can go for a long division. 


Example 1x—- 1) 4x7>-4 (4x+4 | Example 1 2x’-1) 4x°+1 2 
4x? — 4x 4x? — 2 
a cr = 
4x -—4 
4x -4 
-) 0 


(— ~ 
A. Individual task 
1. Divide x* — 3x? + 5 by x* — 2 


2. Divide ¥ +5x —6 by x — 1 
. 7 J) 


8.4 General Characteristics of the Process of Division 
If p(x) and d(x) are two polynomials [where d(x)40], then 


day $a 
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where q(x) and R(x) are polynomials and p(x) is the dividend, d(x) is the divisor, g(x) 
is the quotient and R(x) is the remainder. 


e The degree of R(x) is less than the degree of g(x). 
elf the degree of d(x) is greater than the degree of p(x), then g(x) = 0. 
By multiplying d(x) in the both sides of the above equation, we get: 


P(x) = d(x) q(x) + R(X)... ... (1) 
It means that dividend = divisor x quotient + remainder 
/— 
Pa Individual task 


1. If we divide x° — x? + 2 by x” — 2, what will be the remainder? 


2. If we divide x° + 5x? — 6x — 2 by x° - x + 1 what will be the remainder? 


‘ 


9. Remainder Theorem 


If we want to get the geometric form of a polynomial expression with one variable, we 
have to find out the value of that expression in reference to different values of variables. 
In this case, we can easily get the value through the remainder theorem. Let’s see the 
process through an example. 


Suppose, p(x)= x* — 3x* + 2x — 2 and we want to get the value of p(x) in reference to 
different values of x. 
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(~ e If the value of x is 0, what will be the value of p(x)? The value will) 


be -2. It means p(0)=-2. Again divide p(x) by x. The remainder 
will be -2. It means the remainder is p(0) 


e If the value of x is 1, what will be the value of p(x)? The value will 
be -2. It means p(1)=-2. Again divide p(x) by x-1. The remainder 
will be -2. It means the remainder is p(1) 


e If the value of x is-2, what will be the value of p(x)? Find out the 
value. Again divide p(x) by x+1. The remainder will be p(-1). 


a x 


Do you find any relationship between divisor and quotient after analyzing the above 
results? The relationship that you get is regarded as the remainder theorem. 


Remainder theorem: If positive polynomial expression p(x) is divided by (x-a), the 
remainder will be p(a). 


We can prove the remainder theorem very easily. 
Proof: What we get from the above relationship is that 

P(x) = A(x)q(x) + ROX) 
If the divisor is q(x) =x-a, then 

P(X) =Ad(x)(x-a)+R (x) 
As the degree of g(x) is 1, R(x) is a constant. Suppose, R(x)=R. Therefore, 
P(x) =d(x)(x-a) +R 
Now, if, x=a, 
P(a)=d(a)(a-a)+R=R 


It means that p(a) is equal to the remainder R. 


100 


Mathematics 


Note that we can find out the remainder without dividing a polynomial expression by a 
simple expression (ax+b where a#0). In this case, if we divide the positive polynomial 


b 
expression p(x) by ax+b, the remainder will be p (--) 


Example: If the polynomial expression 3x° — 2x + 1 is divided by 2x + 1, what will 
be the remainder? Find out the remainder by using the remainder theorem. 


Solution: According to the remainder theorem, the remainder will be: 
1 1 \3 1 3 13 
p(-4)=3(-4) -o-5}+1--3 r2=—— : 


Individual task: 


1. If x? — 4x + 3 is divided by x — 3, what will be the remainder? Find out the 
remainder by using the remainder theorem. 


2. If 2x* — x*+ 2 is divided by 3x — 2, what will be the remainder? Find out the 
remainder by using the remainder theorem. 


10. Factorization 


Factor plays a vital role in solving real life problems. We can find out the value of 
variables through factors. That is why factor is a very important issue in algebra. When 
the factor m is a linear expression, it is very easy for us to find out the real value 
of the variable/s. So, the factorization should be in linear expression. In the previous 
class, you learnt about the factorization of algebraic expression. Now, we would like to 
discuss the process of factorization of polynomials. 


If a polynomial expression can be written as the product of several polynomials, the 
multiplied polynomials are considered the factor of that polynomial, for example x? + 
1 is a factor of x* — 1 Do you know why x? + | is a factor of x* — 1 If x* - 1 is 
divided by x? + 1, the remainder will be 0. This the reason why x? + 1 is a factor 
of x* — | What other factors can x* — | have? Write down your answer in the 
following table. 
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(— > 


\ we 


If we express as a product of prime polynomials of a polynomial is called factorization 
of that polynomial. 


Example: What we get from the factorization of x* — 1 is that 
x4-1=@°+ 1+ Da -1) 


Here, we have got two linear expressions x+1 and x-1 as the factors. A quadratic 
expression x? + | is also a factor. This quadratic expression cannot be factorized in 
real linear expression. In factorization, it is very important to express the factors as the 
product of linear expression. 


10.1 Factor Theorem 
x-a will be the factor of p(x) if only p(a)=0. 


Proof: 


Suppose, p(x) is a polynomial with one variable. If x-a is a factor of p(x), after dividing 
p(x) by (x-a), the remainder will be 0. But according to remainder theorem, if we 
divide p(x) by (x-a), the remainder will be p(a). It means that p(a)=0. On the other 
hand, if p(a)=0, after dividing p(x) by (x-a), we will get 0 as the remainder. It means 
that (x-a) will be a factor of p(x). 


(— > 
A Individual task: 


Find out the values of x for what the values of the following 
polynomials are 0 and find out the factors. Go for factorization. 


1.x? — 45x -— 14 2.39 + 4y = 4 
a ae 
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10.2 Common Factor 


If there is acommon factor in every term of a polynomial, the factor should be extracted 
first for the sake of easy factorization. For example: 


y+ xy t 3y=yy +x + 3) 

Here, y is the common factor in every term of y? + xy + 3y Note that the other factor 
(vy + x + 3) is a prime factor. Therefore, it is a factorization. 
Example: Factor the expression x? + 3y? — xy — 3xy* 
Solution: x? + 3y° — xy — 3xy’ 

=x* — xy — 3xy* + 3y° 

=x(x — y) - 3y’ (&-y) 

= (x — y(x - 3y’) 
10.3 Factorization of Perfect Square Expression 


There are some polynomials that can be expressed in the form of a perfect square. If 
you notice carefully, you will understand which expressions should be expressed in 
perfect square. For example: 


YP oxy Oy" 
Do you think it can be expressed in the form of a perfect square? It can be written: 
t+ 2x39 FP GyyH=@ ray 


This kind of expression can be expressed as the product of the same expression’s 
factors. It means that 


(x + 3yP = + 3y)&x + 3y) 
Individual task 


Factor the expression in perfect square. 
ye a Poe pl 


10.4 Factorization of the Expression Expressed in the Difference of Two 
Squares 


We can convert a polynomial into the difference of two expressions by using the 
following formula. 


Mayas ry) @=y) 
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Example: Factor the expression x* + 4x + 1 

Solution: x? + 4x 4+ 1 =27?+2.%.24+2?-3=(*+2P-@3 / 

According to the above formula, we can write that, 
v?+4xt+1=(~+24+¥3)~+2- 3) 

Here, 2 + ¥3 and 2 — 3 are the irrational numbers. 


Individual task: Factor the expression a* + 4b* 


10.5 Factorization of quadratic expressions 


The polynomial like ax’ + bx + c, [a # 0] Now, we will discuss how to factor this kind 
of expression. play an important role in creating and solving real life problems. 


10.5.1 Factorization through Splitting of the Middle Term 


We can factor the expression x* + ax + b by splitting its coefficient a in a specific way. 
In this case, we have to divide the value of a into c and d in such a way where their 
sum is equal to a and their product is equal to b. Then we can go for the factorization 
by using the following formula. 


vr?+(ct+d)x+cd=(x+c)(x+d) 


If the expression is ax* + bx + c, the value of b has to be divided into d and e in such 
a way where the their sum is equal to 6 and their product is equal to ac. After that we 
can go for the factorization by finding out the common factors. This is the process of 
factorization through splitting the middle term. 


Example: Factor the quadratic polynomial x? + 3x + 2 by splitting the middle term. 


Solution: If we compare x? + 3x + 2 with ax? + bx +c, we geta=1,b=3,c=2 


Can you divide b = 3 into two different numbers where the sum of the two numbers is 
3 and their product is equal to a.c = 1 x 2 =2? 


The numbers are 2 and 1. So, we can write: 


eraser He ri le 


= (x +2) (x +1) [ according to formula] 
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Example: Factor the quadratic polynomial 2x? + 3x — 2 by splitting the middle term. 


Solution: If we compare 2x? + 3x — 2 with ax? + bx + c, we geta=2, b=3,c=—-2 


Can you divide b = 3 into two different numbers where the sum of the two numbers is 
3 and their product is equal to a.c = 2 x (—2) = —4? 


The numbers are 4 and —1. So, we can write 
2x? + 3x —-2=2x°+4x-x-2 

=2x(x + 2) -1(x + 2) 

=(2x — 1)(x + 2) 


Pair work: Factor the following expressions. 
Lx? — 5x +6 2.3k2 toe 
10.5.2 Factorization in a General Way 


Sometimes, we cannot split the middle term of the polynomial like ax? + bx +c, 
[a # 0] according to our convenience. 


b c 
at + bxtc=a(et+2x+ 4) 


=a 
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Here the polynomial expression has been factored through linear polynomial expression. 
If the value of b? — 4ac is negative, it means: 


b* — 4ac < 0, the quadratic polynomial cannot be factored through linear polynomial 
expression. In this case, the quadratic polynomial expression ax’ + bx + c, [a # 0] is 


a prime expression that means ax? + bx + c, [a # 0] cannot be factored in reference to 
the real value. 


Pair work: Examine whether the following expressions can be factored. Factor the 
expressions that are doable. 


ee el 2.9 = 10K +25 3.x ax 5 4.3° = 7x43 


10.6 Factorization of the Sum of Two Cubic Expressions 
We know that 


a+b=(atb/\(a —ab+ b’) 
By using this formula, we can factor a cubic polynomial expression. 
Example: Factor x* + 8y°. 
Solution: x? + 83 =x° + Qyy 
= (x + 2y)(x?* — x.2y + (2y)’) 
= (x + 2y)(x* — Ixy + 4y’) 


Individual task: 


Factor the following expression by using the formula of the sum of cubic expressions 
i ex + 21 28+ op 3. + 3x? + 3x9 


10.7 Factorization of the Subtraction of Two Cubic Expressions 
We know that 


a — bb =(a—b)a*+ab+ b’) 


By using this formula, we can factor a cubic polynomial expression. 
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Example: Factor x? — 64y’. 

Solution: Factor x? — 64y? =x3 - (4y) 
= (x — 4y)Q? + x.4y + (Ay)’) 
= (x — 4y)(Q? + 4xy + 16y’) 


Individual task: Factor the following expression by using the formula of the 
subtraction of cubic expressions. 


1. 27x — 125y° 2. 8x7 — = 3.x° — 6x? + 12x — 7 
y 8x 


a * 
Identity 

Let, p(x) and q(x) be two polynomial expressions. If for all values of x, p(x) = 
q(x) 1s satisfied; then it is called identity. This is expressed by p(x) = q(x). The 
sign ‘=’ is called identity sign 
Example- Let p(x) = (x + 1)? and g(x) = x? + 2x + 1. Then,p(x) = q(x), that is 
(x + 1)? =x? + 2x + | is an identity. Because, this equation is satisfied for all 
x 


Note that, x? + 2x +1 =0 is not an identity. Because this equation is not true 
for all values of x. For example, if x=1, the left side =4 and the right side =0. 
\ Af 
10.8 Partial Fractions 


x 
The expression a (where p(x) and g(x) # 0 are polynomials) is a rational fraction. 
Sometimes rational fractions are divided into several fractions for convenience. These 


divided multiple fractions are called partial fractions. 


Example: 


‘oar Il omer ! ; 
Rational fraction 2 has to be divided into two parts where the denominator is a 
linear polynomial expression. Look at the fraction 


3x+1 _ esau | ene 4 2 
Y-1 (k-1/(«Kt+1) xl x-1 

Z ; . 3x+1 
Here, a and xo are the partial fractions of =a | 
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10.8.1 Different Methods to convert Partial Fraction 


x 
Rational fraction oo can be expressed in partial fractions in many ways. It depends 


on the degree of p(x) and q(x). 


Methods of converting proper fractions 

When the degree of p(x) is less that the degree of g(x), there will be no common 
Se aaa 
x? - | 
proper fraction. This kind of expression can be expressed in partial fractions in the 


x 
factor. In this case, a is considered a proper fraction, for example is a 


following way. 


1. When q(x) has only linear factors and the factors are not repeated, partial fraction 


for every factor of g(x) has to be found and constant has to be set as the numerator 
of every partial fractions. 


+ 
Example: Express at 


in partial fraction. 
Solution: Here, p(x) = 3x + 1 and g(x) = x’ — 1. If we factor g(x), we get g(x) = (x - 1) 
(x + 1) Note that g(x) has only two linear factors and the factors are not repeated. 


oe 3x 1 
VP=-17 w«-1x+1) 


Therefore, after factoring g(x) we get: 


Suppose, 


3x +1 = 4 B 
(x-1)(Qx+1) 7 x41 x—1 


After multiplying (x — 1) (x + 1) in the both sides, we get: 
3x+1=A(x-1)+ Bat 1). 
Ifx=—-1, —2 = —2A. It means that A = 1. 


Ifx = 1,4=2B. It means that B= 2. 
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Therefore, 
so i) aaa | = 1 a 2 
VP=-17 w-1Da@t+l” x1 x-1 
le bas ess : ; on ll 
er Notice it carefully. The result is similar to the partial fraction of wo that you 


found out earlier. 


2. When q(x) has only linear factors and the factors are repeated, we get partial 
fractions from every repeated factor. After that we have to set constant in for the 
numerator of every partial fraction. 


Example: Express 


=F : ‘ : 
( : in partial fraction. 


x 
(x — De2—- 1) 


Solution: Here, g(x) = (x — DOG? - 1)=@- Da&- 1) + D=(@- 1? @+1).It 
means that the factor x-1 has two repetitions. 


Suppose, 


ceo _ x+2 oi og By 
(x —-1DG2-1)7> @-1P@4+)D)7 x-1 °° @-1% xFl 


After multiplying (x — 1)* (x + 1) in the both sides, we get: 
x+25SAQ— D@+1)+8@4 1)+ Ca— 1p 


Now, the value of x is —1. Find out the value A, B, C by setting 1 and 0. 


1 3 1 


We will get: A= B= and C = 7 So, 


x+2 1 3 1 


@—-D@-N-~4@-1 | W2e-lP 4@th 


3.When q(x) has linear and quadratic factors and the factors are not repeated, we have 
to set linear polynomial expression as the numerator of the quadratic factor g(x). 


x+2 
(= 1)G?4 2) 


Example: Express as partial fraction. 
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Solution: Suppose, 
x2 A Bec 


(x -—1)Q?+2)~ x-1 xeor? 


After multiplying (x — 1)(x* + 2) in the both sides, we get: 


x+2=A(?+2)+ (Bx + CO@- 1) 


Now think. 
Find out the value of A,B,C. The values are: A= 1, B= —1 and C=0. 
So, 


x+2 = 1 x 
@=-1)0?+2)~ x-1 3 ¥+2 


4. When q(x) has quadratic factors and the factors are repeated, we get partial fractions 
from every repeated quadratic factor. We have to set linear polynomial expression 
as the numerator of every partial fraction. 


x+1 
(x — 1)@? + 1) 


Example: Express + in partial fraction. 


Solution: Suppose, 


Eta _ A BEPC , Derek 
(x-1)Q?+1P ~ x-1 Pee ae | (¢-+ 1 


After multiplying (x — 1)(x? + 1)? in the both sides, we get: 


x+1=A(2 +1)? + (Bx t+ Cx — 1G? +1) + (Dx + E(x - 1) 


Now think. And find out the value of A, B, C The values are: 


oo a oe _ 
A=7,B=-7,C —7,D -land E=0. 
So, 


x+1 = 1 x+1 x 
@=Ne+I? ~~ 26=1) Zier ~~ ely 
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Methods of converting improper fractions 
When the degree of p(x) is equal to or greater than g(x), there will be no common factor. 


x). x : . : a i. 
In this case, PO is considered improper fraction, for example x2 | 18 an improper 


fraction. This is a polynomial expression. This kind of expression can be expressed as 


24 
the sum of proper fractions, for example 3 = : =3 + eo By following the 


above process, we can express the proper fraction in partial fraction. 


Ccaca ae | 
ea | 
Solution: Tell what will be quotient and remainder if you divide the above 


Example: Express into partial fractions 


fraction? Match your answer with quotient = x and remainder = —x + 1. 


S i eee ee oe x-1 
OTP FT PFT FO PHI 
Here; xt 1 is a partial fraction 


@ Team project ) 


According to the instruction of the teacher, the students will divide themselves into 
several groups and accomplish the following tasks. 


Instruction: 


1. The teacher will write 5 polynomial expressions (2 linear polynomials, 2 quadratic 
polynomials, | cubic polynomial) for every group. 


2. Every group will show the geometric form of the expression on graph papers. 


3. Five natural objects similar to the geometric forms have to be attached with the 
graph papers. 


4. Factor the quadratic and cubic polynomials given by the teacher and present 
them on poster paper. 


5. According to the instructions of the teacher, present everything on poster paper 
in a specific date. 


, y 
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( Exercise ) 


. Form polynomial expressions from three real life examples. 


. Give examples of polynomial expressions according to the following instructions. 


i) one variable, three dimensional, binomial 

ii) one variable, three dimensional, quadrimonial 
iii) two variables, three dimensional, binomial 
iv) two variables, three dimensional, trinomial 

v) four variables, cyclic, four dimensional 


. Give example: 


i) homogeneous, symmetric, cyclic polynomial 

ii) homogeneous, symmetric, polynomial; not cyclic 
iii) homogeneous, cyclic polynomial; not symmetric 
iv) symmetric, cyclic polynomial; not homogeneous 


. 1) Divide x* — 3x? + 1 by 2x? — 3 


ii) Divide 5x? — 3x - 2 by 3x — 2 and find out the remainder. Prove the 
appropriateness of the remainder through the remainder theorem. 


. Which of the following expressions are real prime expressions? Factor the 


expressions that are not real prime expressions. 
i) x? — 5x — 14 il) x? — Sx+2 ip 25° eel iv) 3x?+ 4x - 1 


. Factor the following expressions. 


i)x?—5x+4 ii) x? — 3x°+ 3x -2 iii) x5 — 16xy* 


. The length ofa cubic reservoir is the inverse multiple of the length of another cubic 


reservoir. The sum of the length of the two reservoirs is 3 feet. What will be the sum 
of their volume? 


. Express the following fractions in partial fractions. 


; ca i. TA 
-@- ety HI 


Instruction for the students 


In order to understand the significance and usage of polynomial expressions, the 
students have to complete individual, pair and group tasks with great importance. The 
students have to create a problem and find out the solution on their own. This is how 
the students will have proper understanding 


12 


System of Equations in Real World 
Problems 


You can learn from this experience- 


¢ Linear equation in two variables 
¢ Solving quadratic equations in one variable 
¢ Solving quadratic equations with graphs 


¢ Solving system of linear equation in two 
variables and quadratic equation in one variable 
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System of Equations in Real World Problems 


Equations are one of the most important topics in algebra for solving mathematical 
problems. You have already got the concept of linear equations in previous classes. 
You also know how to solve linear equations in one variable. Moreover, you can solve 
various practical problems that you have to deal with in your daily life by forming some 
linear equations, right? Do all the equations you have to form have one variable? Or in 
some cases there may be two or more variables. Let us try to understand the matter by 
solving some real problems. 


Formulation and solving linear equations in two variables 


Try to solve the problems in Table 5.1 below by formulating equations: 


Table 5.1 


Problem Equation Solution 


1. How many different 
squares can be made 
with 20 matchsticks? 


2. The age ratio of Lily and 
her brother is 3:4; If the 
total age of the two is 21 
years, how old is Lily? 


3. Setu buys two erasers 
and a pencil from the 
shop for Tk 20 The 
shopkeeper didn't tell 
her how much each of 
them costs. Can you tell 
how much the price of 
each thing can be? 


114 


Mathematics 


@ Observation: >) 


a) To solve problem (1) we formed equation with | | variables and found 
values of the variables, by which the equation is satisfied. 


b) To solve problem (2) we formed equation with | | variables and found 
values of the variables, by which the equation is satisfied. 


c) To solve problem (3) we formed equation with |_| variables and found 
values of the variables, all of which satisfies the equation. In this 
case there was no definite solution for the variables. 


d 


Solution of Setu’s Problem 


To solve problem number 3 in the above table, Setu is also trying hard on her own. Like 
you, she first assumes that an eraser costs Tk x and a pencil costs Tk y. The problem 
was then analyzed to obtain the following equation in two variables. 2x + y=18 ...... (i) 


Now make a table like Table 5.2 and verify the left and right sides of the obtained 
equation with different values of x and y 


Table-5.2 


Value | Value | Value of left side | Right 
OFX || Ory (2x y) side 


1 16 | (2x 1)+16=18]| 18 


2 14 | (2x2)+14=18 | 18 


3 2 | 2x3ayFiz=18:) 1s 


4 10 | (2x 4)+10=18]| 18 


18 


We can see that, the left and right sides of the equation match for many values of x and 
y. That is, the equation has numerous solutions. The solutions are: (1, 16), (2, 14), (3, 
WZ), (4 TO )pacecsas This means that the purchase price of an eraser and a pencil can 
vary. But how is that possible? She again bought an eraser and two pencils from the 
store to analyze the problem more deeply. This time the shopkeeper took a total of Tk 
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24 from Setu. As before, taking the price of an eraser as Tk x and the price of a pencil 
as Tk y, Setu analyzed the problem and obtained the equation in two variables x + 2y 
= 24......(ii). Now make the following table (Table-5.3) and verify the validity of the 
left and right sides of the obtained equation with differ values of x and y 


Table-5.3 ih H eH 5 smallest oe ae axis = | unit 

20 ] 1 smallest square along y axis = 2 unit 

Value | Value of | Value of left | Right || ths Seu ssesueseeeeeed 4 

of x y side (2x +y) | side |} Ree co | 
$too c 

1 11.5 1+2(11.5) | 24 |F ONE ape Pope | 

d, 16) > S14 H anges 

2 11 2+2(11) | 24 of : Bhccar sere esas 

| Pee See ee AEE | 

3 10.5 | 3+2(10.5) | 24 3 

5 : cH H 2am 

“ 10 | 44200) | 24 [Ee serene 

4 <r yo - 


It also shows that the left and right sides of the equation are true for many values of 
x and y. That is, the equation has numerous solutions and the solutions are: (1, 11.5), 
(2, 11), (3, 10.5), (4, 10),...... This means, again, the purchase price of an eraser and a 
pencil can vary. 


Setu consulted her teacher about this. Her teacher advised to solve the problem by 
considering the two equations together as a system. She said, you have known in 
previous class that such equations are equations of one straight line and such straight 
lines can be drawn by plotting points on graph paper. So, you can represent the two 
equations by two straight lines on a graph paper. Maybe, two straight lines can intersect 
at some point. If the straight lines intersect at a point, knowing the x and y values of that 
point will be your desired solution. 


As suggested by her teacher, Setu first draws two straight lines on a graph paper. As per 
the drawing the straight lines intersect at the point (4, 10). At the point of intersection, 
x =4 and y = 10. Setu understands that an eraser costs Tk 4 and a pencil costs Tk 10. 


As you must have understood, some real-world phenomenon can thus be expressed by 
means of two variables and two linear equations. Such a system is called simultaneous 
linear equations in two variables and the point of intersection of the equations is called 
the solution of the simultaneous linear equations. 


116 


Mathematics 


a Pair Work: >) 


a) Suppose you do not know the length and width of your rectangular classroom. 
The teacher said that the classroom’s double of width is 10m longer than 
the length and in total 100m in perimeter. Your job is to form two equations 
with the length and width of the classroom as two variables and solve the 
two equations to find the area of the classroom. [You can solve by drawing 
straight lines on graph paper] 


b) Now measure the length and width of the classroom by hand and find out the 
area of the floor. Then check the correctness of the area obtained from ‘a’. 


Rafi and Sonia’s problem and solution 


Problem: Setu’s friend Rafi buys 2 packets of pin and 3 pens at Tk 28 and Sonia 
buys 4 packets of Pin and 6 pens from the same shop at Tk 56. In this case neither Rafi 
nor Sonia knows the price of one packet of pin and one pen. Can’t we solve Rafi and 
Sonia’s problem like we did for Setu? Let’s try it: 


Solution: Suppose, the price of 1 packet of pin is Tk x and the price of 1 pen is Tk y. 


.. the equations are, 


a“ 
Ox + By =28 veeeeee. (i) Ey 
and 4x+6y=56......... (ii) 


What type of equation would you call the two equations (1) and (11)? Write in the blank 
space below with the reason. 


Now graph the two equations on graph paper and find their point of intersection. 
First calculate some points to graph the lines for equations (i) and (ii) . 


@ From equation (1), ) Gaon equation (11), ») 
x y= 28 5 2x (x, y) x y= 56 Z 4x (x, y) 
2 2 8 (2, 8) 
a 6 5,6 8 
14 11 
S y % dj 
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From equation (i) we obtain (x,y)=( , ),(5,6),( , )€ , ) 


» )C 5 dCs ) 


On the adjacent graph paper draw two straight lines (take the scale suitable to your 


convenience) by plotting the points 
obtained from equations (i) and (ii). he a pate pet ia 


and from equation (ii) we obtain (x, y) = (2, 8), ( 


What do you see? Do two straight 
lines coincide? That is, every point 
on straight line (i) lies on straight line 
(il). 

So, every coordinate on the line (1) is 
also on the line (ii). If 1 packet of pin 
costs Tk, 1 pen will cost Tk. Again if 
1 packet of pin costs Tk 2, 1 pen will 
cost Tk 8 and so on. In this case, how 
many solutions of equations (i) and 
(11) have been found? 


( Individual task: ») 


Khushi buys 2 poster papers and 3 sign pens for Tk 30. Dola buys 4 poster papers 
and 6 sign pens for Tk 50 of the same price from the same shop. 


a) Formulate the equation and draw the graph. 


b) Explain whether the solution of the two equations can be obtained from the 
diagram. 


c) Express your opinion about the price of a poster paper and a sign pen. 


. dj 


Consistency of two simultaneous linear equations 


Two simultaneous linear equations may have one solution, multiple solutions, or no 
solutions. So, it will be helpful if we can figure out in advance whether there is a 
solution or not. Let us try to find out the conditions about existence of solution through 
various 
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Solving simultaneous linear equations in two variables by graphing gives the 
following conditions. 


a) When two straight lines intersect at a point, the equations have only one 
common solution. 


b) When two straight lines coincide, there is only one straight line and the 
equations have infinitely many common solutions. 


c) When two straight lines don’t intersect and parallel to each other, the equations 
have no common solution. 


If two straight lines intersect If two straight lines coincide If two straight lines are parallel 


ix 


Unique solution Infinite number of solutions 


No solution 


Algebraic observations 


In general, for the equations a,x + by =c,, a,x + b,y = c,, comparing the coefficients 
of x, y and the constant terms we can determine the solvability of them (Table- 5.4). 


Table- 5.4 
Simultaneous : Location of ; ; 
: : : Consistent / 
linear equations aie of! ines on the . pnee 
of two variables graph nconsistent 
Two Only one 
has r 5b intersecting Consistent common 
oy. B straight lines solution 
a. bc. | Twocoinciding . Infinitely 
axth y=c fe ay de 1 fap lice Consistent many common 
a b i a 8 solution 
— VO Two different 
traight li 
a straight lines Neiccmmnan 
bid erp oer ps which are Incoensistent salaon 
a4, b,” © | parallel to each 


other 
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CG Pair Work: ) 


For the given equations, write another linear equation of two variables which satisfies 
the given condition. 


Condition 
Given linear 
equation Only one common | Infinitely many No common 
solution common solution solution 


. y 


5 70) 


1. For what value of p there will be only one common solution to the equations 
3x -— 4y = 1 and 9x + py =2? 


2. For what value of r there will be no common solution to the equations rx + 2y 
=Sand(r7+ 1)x+3y=2? 


3. For what value of k there will be infinitely many common solutions to the 
equations Ax + 6y = k and (k — 1)x+4y=5 -—k? 


4. For what values of a and b there will be infinitely many common solutions to 
the equations 3x — (a+ 1) y=2b — | and 5x + (1 - 2a) y=3b ? 


Methods of solving simultaneous linear equations in two variables 


We can solve simultaneous linear equations in two variables mainly by geometric and 
algebraic methods. Let’s know the methods. 
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Geometric Method Algebraic Methods 


¢ Substitution Method 


Graphical Method ¢ Elimination Method 


¢ Cross Multiplication Method 


Solving by Graphical Method 


By now you have experienced how to solve simultaneous linear equations in two 
variables by graphing them geometrically. As you have already seen, each linear 
equation has a straight line. Also, the coordinates of each point on the straight line 
satisfy the corresponding equation. Therefore, the coordinates of two or more points 
are required to specify the graph of a linear equation. Let us try to find the common 
solution of the following two linear equations with two variables by graphical method 


Example: Solve the following two linear equations in two variables by 
graphical method. 


Solution: To draw the graph of equations | Let us check the solvability: . = al. 
(1) and (ii) determine coordinates of three i 
points for each equation. .. The equation system is consistent 


. . and there is only one common solution. 
From equation (1) we get, y= 4x + 5 y 


x 2 0 
y=4xt+5 7 25 


Again, from equation (ii) we obtain, 
7x — 2 
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Plot the points on a graph paper and draw the lines 


From the graph we can see that, the equation 
(1) [Line AB] and the equation (ii) [Line CD] 
intersects at a common point. We calculate the 
coordinates of the point of intersection P to be 


(0:4), 


The equation (i) and (ii) has only one 
common solution (x, y) = (2, 3) 


( Individual task: 


Sketch the graph and solve the following pairs of equations that are solvable. Write 
at least three solutions if they have infinite solutions: 


4x -3y=6 ii) 4x+3y=20 iti) + 2=23 Sie 5 
4y-5x=-7  8x+ 6y=40 F+h=22 a! 
S D 


Solving by Substitution Method: 


In this method we can solve simultaneous lineat equations in two variables by following 
the steps below: 


Step-1: Express the value of one of the two variables from any equation in terms of 
the other. 


Step-2: In the other equation, substitute the value of the variable obtained in 
step-1 to make an equation of single variable and solve it. 
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Step-3: Substitute the already calculated value of the variable from step-2 and determine 


the value of the other variable. 


Example: Let us try to find | 4 
the common solution of the | Let us check solvability: 2 # =a 
following two — equations 
by solving the system of 
equations with two variables | unique solution 
by substitution method. 


. System is consistent and it has 


A By WO. ccsvess (i) 2x —yH=4........ (ii) 
Step - 1 Step - 2 Step -3 Solution 
From equation | Substituting the value | Putting x = 4 in|x=4 
(ii) we get, of y in equation (1) we | equation (ili) we d 
obtain, get, - 
2x -y=4 = 
x+3(Q2x-4)=16 |y=24-4 = 
y= 2x - 4... So. th iepaeee 
on o, the solution is 
(111) or,x+6x-12=16 jor,yv=8-4 ; 
(x, y) = (4, 4) 
or, 7x = 16+ 12 y=4 
Wo x=4 
( Individual task: ) 
Solve the pairs of equations which are solvable by substitution method and verify 
that the values of the variables found in the solution satisfy the equations. 
1) 2x+3y=32 1)8x+5y-11=0 iit) el iv)xt+ty=pt+q 
lly -9x=3 3x — 4y - 10=0 ae. px-qy=p-@¢ 
qi d 


Example-2: Rafi wrote two equations y — 3x + 7=0 and 2x + y —- 3 =0 on the board 
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I will try to find any other 
way to find the solution of the 
system of equations. 


Setu 


Equations written by Rafi are: : 


Let us check the solvability: -+ # + 
2x+y-3=0...... (ii) 


.. The equation system is consistent 


To solve, we follow the step and there is only one common 
Step - 1 Step - 2 Step - 3 Solution 
From (i) we obtain, Putting the value of| Putting x =2 in|x=2 
y from (iu) into the | egyation (iii 
y—3x+7=0 equation (iv),we get : ce and 
y=3x-7...dil)  |3x-7=-2r43  |Y73777 — ly=al 
Again, from (ii) we get, | or, 3x +2x=3 +7 oy 0-7 So, required 
, ay=-l solution is, 
2x+y—-3=0 On 5x—= 10a =o fa 
x, vyy=(Q2,- 
+ y= 2x +3...(iv) yl) 
( Pair work: » 


Solve the following system of equations by method substitution: 


i)4x-3y=16 ii) 2xt+y-8=0 iii) + 2=1 hl 
= = 6 
Sy + 6x = 62 ay ye SS 2x + 4y=11 2, == 9 
Se Z - P y 4 
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Solving by Elimination Method 


By elimination we can solve simultaneous linear equations in two variables by following 
these steps: 


Step-1: One equation or both equations must be multiplied by suitable numbers such 
that after multiplication the absolute values of the coefficients of any one of the 
variables in both equations are equal. 


Step-2: Add or subtract the two equations as needed to eliminate the coefficient 
equalizing variable whose coefficients are made equal in step-1. Then solve 
the new equation after addition or subtraction to find the value of the existing 


variable. 


Step-3: Substitute the obtained value of the variable in step-2 in either of the given 
equations to find the value of the other variable. 


In the math class, the teacher said, let’s play a fun game today. The game is to solve 
mathematical puzzles or problems created by one person. The condition is that the puzzle 
or problem must be such that the solution requires the formulation of simultaneous 
linear equations in two variables. Then solve the equations by eliminating one 
variable from the equations. After listening to the teacher, Setu asked Rafi to solve the 
following problem. 


For a fraction, the numerator is x and the denominator is y. If we add 7 with the 
numerator the value of the fraction is 2. Again, if we subtract 2 from the denominator 
the value of the fraction is 1. What is the original value of the fraction? 


Rafi first reads the problem carefully. Then he formulates the two equations as follows: 


Step - 1 Step - 2 Step - 3 Solution 
Ne) In equations (1) and (ii), the ) Now in equation | x = 3 
y coefficients of x are equal and | (ii), he puts y = 5 
or, x +7=2y are of the same sign. So he J to get, and 
__ | subtracts equation (ii) from = 
eer) equation (1). That is, y= f= a2 “ 
x—-2y=-7 7 So, 
Ht =1 eae, ES 2 required 
or, x=y-2 - + ~ Pee) One 
2 .s Ep ae 
“x -y=-2...(il) Vie = 5 
ay =o 


In this way, we can call the method to find out the solution by eliminating or removing any 
one variable of the simultaneous linear equations in two variables to be elimination method. 
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(Tadividual tasie ) 


Solve the following systems of linear equations using elimination method: 


1) 2x - Sy =3 ii) 6x -y-1=0 ay come Iv) ax+by=c 


x+3y=1 3x +2y -13=0 2k —3y=-3 axt+bhy=c 
S y 


Solving by Cross Multiplication Method 


Let’s try to find out how this method determines the common solution of simultaneous 
linear equations in two variables. 


First consider the following two equations: 


A DY C= Vsaersasien (i) 


1 


Ce OP C= U canccenss (ii) 


First, we want to determine the value of variable x from the equations (i) and (ii). Hence 
the variable y in equation (i) and (11) must be eliminated. For this, multiply equation (1) 
by b, and equation (ii) by D;: 


BOK POD, DY FOC, = Vor etiennoses (UD) 


GDP D, DY PD CG wiicemvina UV) 
Now, subtracting (iv) from (iii) we get, 
(2,0, > 4;,0,)% 7 0,¢,—0,¢,=90 


Of, (0, =0,0,) 8 = 0,6, - 0,6 


: x _ 
. i= 2a ee (v) 


Again, we want to determine the value of variable y from the equations (i) and (ii). 
Hence the variable x in equation (i) and (i1) must be eliminated. For this, multiply 
equation (i) by a, and equation (ii) by a: 

GOK TA PTC, —Valewssine (vi) 
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Now, subtracting (vi) from (vii) we get, 
(20,-ab jy ca,=¢ca,—0 
or, (4,5, —4,b,)y=¢,4, — ¢.4, 
or, -(4,5,-a) y= —-(¢.4,— ca) 


x = 1 


Fi on Ga (viii) 
Comparing equations (v) and (viii), 
= td = 1 
1G, 4-64, ab,-ap, “ror (1x) 


This method of finding values of x and y from this type of relation is called cross 
multiplication method. 


From the above relation of x and y we can write, 


= wp = 1 

bic, = bye, a,b, = a,b, a,b, - a,b, 

y = 1 ~ a O14g 7 OF, 

ae eae, ahaa “YS Gb ab 
12 271 1~2 pedal 12 ail 


b,c, = b,c, C4, — ©,4, 


Solution of the given system is: (x, y) = 


) 


2 
a,b, = a,b, a,b, ms a,b, 


Relation 
between x and 
y using cross 

multiplication ? 


From the system of equations 


ant hy, =0 


1 


Erb yr e= 0 
We can directly write, 


x v 1 


b,c, = b, ei C4, — €,4, a,b, - a,b, 


We can use the following technique to obtain the solution of the above equations 
directly: 
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Equations 


Relation between x and y 


Technique to remember 


axtbytc,=0 bc, -5,c, 


ant yt¢=0 


y 
by Cy — 
XXL, 
Subtract the product of blue 
arrow sign digits from the 


product of red arow sign digits. 


Problem: Planting trees 


Every year a tree fair is held in the open field 
in front of Setu’s school. One day after school 
ended, Setu and his friend Rahim went to the 
fair. Setu bought 4 guava saplings and 5 lemon 
saplings from a stall for Tk 310 to plant them in 
the empty space around their house and Rahim 
bought 3 guava saplings and 2 lemon saplings 
at the same rate and paid the salesperson a total 


of Tk 180. What are the prices of a guava tree sapling and a lemon tree sapling? 


Let, the price of 1 guava sapling be Tk x and the price of 1 lemon sapling 


be Tk y . At first, we formulate the system of equations following the conditions: 


Solution: 
4x + 5y =310......... (i) 
SRY = SU ccwsaenied (ii) 


We want to find the common solution 
the system of equations by the method of 
cross multiplication. Therefore, we can 
write equations (1) and (ii) as follows: 


4x + Sy - 310=0 
3x + 2y - 180=0 


peace 


Let us check the solvability: : = # 2 


. The equation system is consistent 
and there is only one common 


solution. 


Comparing the above equations with the following equations we obtain, 


Aer Dyer G =O 
ast by c.=0 
a;=4, 0,=5;. ¢,=-310, 


a=, 
128 


Mathematics 
Therefore, solving by cross multiplication method we get, 


or. a = ld _ 1 
> 5 x (-180) -2 x (-310) (-310)x3-(-180)x4  4x2-3x5 
or. us = x = 
°_900+620 -930+720 8-15 
xX _ VV _ | 
2080, -=210.-9 
or, 2-= + -=1 [multiplying by -7] 
°40 30 1 
a l See eee | 
Ol, Ay =p again, Sy = 4 
x =40 “y= 30 


.. Price of a guava sapling is Tk 40 and price of a lemon sapling is Tk 30. 
( Individual task: A 


a) Solve the following system of equations by method of cross multiplication: 


1) 5x - 2y =32 iil) 7x - 3y - 31=0 ili) x + 5y = 36 
= = = = = xTy =e 
4x - y=28 9x - Sy - 41 =0 = 5 


b) Setu’s reading room is of rectangular shape. If the floor length of the room 
is increased by 2 m and the width by 3 m, the area increases by 75 sq m. 
But decreasing the length by 2 meters and increasing the width by 3 meters 
increases the area by 15 square meters. Find the area of the floor of the reading 


room of Setu by forming the equations and solving by cross multiplication 
method. 


S dj 


Team project 


The teacher will divide all the students in the class into 3 groups. Now she will take 3 
papers and write 2 simple equations on each paper. The she will write the same system 
of equations on each paper. Now she will fold the paper into 3 and write substitution 
method in one, subtraction method in one and multiplication method in one and give 
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one paper to each group through lottery. Each team will complete the following tasks 


1. Check the consistency of the systems of 
equations. 


2. Solve the system of equations by the 
method written on paper. 


3. Check the correctness of the solution by 
drawing two straight lines on graph paper 
and finding the point of intersection. 


4. All the activities will be presented on a 
poster paper and will be demonstrated as per the instructions of the teacher. 
A linear equation in two variables and a quadratic equation in one variable 


You are already familiar with linear equations in two variables. For example, 2x - 3y = 6, 
this equation has two variables x and y each having the power one. Hence it is a linear 
equation in two variables. Now we will discuss quadratic equations in one variable. 
Quadratic equations in one variable 


Let’s start with a fun quiz. Calculate and write the result of subtracting the area of the 
rectangle from the area of the square below 


Surely you can write, 


5*-7x5=-10 


Note that the length of a side of a square 
and a side of a rectangle are equal to each 
other, which is 5. 


If we did not know the length of the sides of these two geometric shapes, could we have 
subtracted the areas so easily? 


In that case, we would depend on variables. Let’s assume that the length of the equal 
side in both areas is x. 


Then the above equation becomes, 

x? - 7x =-10 
Can you tell what kind of equation it is? Only one variable x is used in the equation. 
So, it is a single variable equation in terms of variables. Again, the highest power of the 
variable x in the equation is 2. Hence, it is a quadratic equation if we consider the power 


of the variable. Thus, combining the two properties together, it is said to be a quadratic 
equation in one variable. 
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Solution method of quadratic equation in one variable 


To solve a quadratic equation, all terms of the equation should be brought to the left 
of the = sign and a 0 will come to the right, following the mathematical rules. On the 
left we get a quadratic polynomial of one variable. This quadratic polynomial must be 
factorized (methods of factoring are discussed in the chapter on polynomials). Then the 
value of the variable must be determined by taking the value of each factor as 0. 


Solution by middle-term expansion 
For the quadratic polynomial of one variable, 
Ge + bere 


middle-term expansion means that, expressing b in terms of two numbers d and e in 
such a way that, we get d + e = b and de = ac. 


Example: Solve the equation x* — 7x = -10. 
Solution: x? — 7x = -10 can be written as, 


x? - 7x +10=0 


Now expanding the middle-term on left we get, 


x2 Sx - 2x +10=0 gorse so he 
: - 


or, x(x - 5) -2(x-5)=0 xpress —7 in terms of two numbers 
; in such a way that the sum is —7 and 
or, (x — 5) (x - 2) =0 the product is 10. 
Considering the value of each factor tobe 0, A 
(x - 5)=0or, (x -2)=0 (Property of real numbers >) 
Therefore x =5 or, x =2. a.b = 0 if and only if a=0 or b=0is 
used here. 
ow Note here that the square has lengthS = \ 2 


in the real problem from which the 
equation was derived. 


So where does x = 2 come from! 


Interestingly, even if the length of p =, = -10 
the square is 2, the correct answer is 
obtained. 5) 7 
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«)~ Note that by expanding the middle term we have easily factorized the left side of 

the equation x? - 7x + 10 = 0. But if the equation had x? — 7x - 10 = 0 would 
it be so easily solved by expanding the middle term? No, it couldn’t be solved that 
easily (try it). There is a special way to solve all quadratic equations. Let us learn that 
method of solving quadratic equations. 


General method of solving quadratic equations in one variable 

he standard form of quadratic equations is: 

ax’ + bx+c=0 

where a, b, c are real numbers and a # 0 

multiplying on both sides by 4a we get, 

4a’x? + 4abx + 4ac = 0 or, 

or, (2ax)? + 2.2ax.b + b* - b? + 4ac =0 

or, (2ax + b)? = b? - 4ac f | | 
\ 


or, 2ax + b =+ vb’ - 4ac 

or, 2ax = -b +vb’ - 4ac 
—~b + vb’ - 4ac 

= 2a 


wake 
Hence, the equation has two solutions or two values of x which are: 


-b + Vi Fac -b — VF Fac 
2a 


and be a 


v= 


( b? - 4ac is called the discriminant of the equation ax’ + bx + c = 0. The value >») 
of the discriminant determines the nature of the roots. 


e If b* — 4ac = 0 the roots are real and equal, and both are x = -- 
e If b* — 4ac > 0 and a perfect square then the roots are real, unequal and rational. 


e If b* — 4ac > 0 and not a perfect square then the roots are real, unequal and 
irrational. 


e If b* — 4ac < 0 there is no real root of the equation. 


S d 
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Pair Work 


Some equations are given below. Complete the following list by determining the nature 
of the roots of the equations. 


Mathematics 


iscrimi 2 N f th 
Sl. Equation pean i ae : © | Nature of roots 
- 4ac discriminant 
2x7 -10x+9=0 |=(-10) - 4.2.9 |b? - 4ac > 0 and| Real, unequal 
1 = 100-72 not a perfect|and irrational. 
~ 28 square. 
2 |7x*-x+2=0 
3. |-5 + 7x + 6x? =0 
4 |-2x+ 5 -3x7=0 
5 |-14x+x°+49=0 
=(-5) - 4.3.4 
6 : (-5) 


As we mentioned earlier, solving the equation x? — 7x - 10 = 0 by expanding the 
middle-term is not easy. Let us now solve this equation using the general method. 


Problem: Solve the equation x? - 7x - 10 = 0. 


Solution: Comparing the equation x? — 7x - 10 = 0 with ax’ + bx +c = 0 we get, 
a=1,b=-7,c=-10. 


then, 
_b i vb? - 4ac ~(-7) + v(-7) - 4.1(-10) 74+~v49 + 40 
aa 2a 7 2:1 7 2 
7+v89 
a aa 
7++V89 7 -v89 
Therefore, the roots are: x, = a and x, = 5 


133 


Academic year 2024 


Academic year 2024 


System of Equations in Real World Problems 


Individual task 


Solve the following equations using the method you have learned. Write the roots in the 
blank spaces. 


SL. Equation Roots of the equation 
3x? - 5x+1=0 

2 |12x?-11x+2=0 
5x* - 8x +4=0 


Solving quadratic equations with graphs 
Graphing the quadratic equation ax? + bx + c = 0 requires the value of x along with the 


value of y. Let y = ax? + bx + c. Then for values of x such that y = 0 i.e., the points at 
which the graph intersects the x-axis, all those values of x are solutions of the equation 


ax’ + bx +c=0. 
Example: Solve the equation 2x? - 3x - 2 = 0 using graphs. 
Solution: Suppose, y = 2x? - 3x - 2 


We calculate some values of y for some values of x. 


x | -2 |-1.5) -1 |-0.5; 0 |05) 1 715) 2 7/25) 3 [3.5] 4 
» EV S) O | -2} -3 | -3 | -2 | 0 | 3 7.|12.| 


On graph paper, take the length of the smallest square as one unit and plot the points to 
draw the graph. 


Notice that the graph intersects the x-axis at the 


points or 0) and (2, 0). The values of x at these 


two points are the solution of the given equation. 


So, the required solution: x, = > and %,=2 


Individual task 


Apply the formula to solve 2x? - 


9 3x - 2 =0 and also solve it using 
imi | graph. Check if both solutions 
are the same 
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A real-life problem and solution 


Problem: Setu’s uncle Mr. Hasan is a businessman. He bought a few packets of pens 
from a wholesale shop for Tk 50000. In another shop he bought pens of the same 
amount as he got the price Tk 2 less per packet of pens than the first shop and he got 
25 more packets of pens. How many packets of pens did Mr. Hasan buy first and what 
was the price per packet of pens? What should be his selling price so that his total profit 
would be Tk 12000? 


Solution: Can you represent the problem with equations? Let me help you. Suppose 
Mr. Hasan first bought x packets of pens. Now write the answers to the following 
questions in terms of x. 


In first shop the price of each packet of pens = Tk 


In second shop the price of each packet of pens = Tk 


In second shop he bought = packets 


Price of pen bought in second shop = Tk (esl 
Total price of pens = Tk 


According to the conditions, 


Eu ~ 2) («+ 25) = 50000 
or, (50000 — 2x) (x +25) = 50000x 
or, 50000x — 2x? + 50000 x 25 — 50x = 50000x 
or, — 2x2 + 50000 x 25 - 50x=0 
or, 2x? + 50x — 50000 x 25 =0 
or, x2 + 25x — 25000 x 25 =0 


This is a quadratic equation of one variable. Solving it using the general formula 
we get, 


_ -25 + (25) - 4 x (-25000) x 25-25 4. ¥(25)? + 4 x 25000 x 25 
2 2 


_ ~25+25v1 + 4000 
Z 
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, [taking positive value as the number of packets can’t be negative] 


_ -25 +25V1 + 4000 
p) 


V4001 — 
_ 25 x( : 1) aaa 


Solving a system of simultaneous linear equation of two variables and 
quadratic equation of one variable 


In practice, there are many problems that are easier to solve by converting them to 
linear equations in two variables and quadratic equations in one variable. An example 
of how to solve a mathematical problem is given first. 


Example: Solve the following system of linear equation of two variables and quadratic 
equation of one variable. 


y=2x-x-3 
x-5y+13=0 
Solution: Suppose, y = 2x*-x-3  ...... (1) 
Again given that, x - 5y+ 13=0 
on x7 13 =Sy 
or, 5y=x+13 oF, ye tt abate (2) 


We can write from (1) and (2), 


2x?-x-3= x11: 


or, 10x? — 5x - 15=x+ 13 


or, 10x? — 5x - 15-x-13=0 
or, 10x? - 6x -— 28=0 

or, 2(5x? — 3x - 14) =0 

or, 5x? — 3x - 14=0 

or, 5x? — 10x + 7x - 14=0 
or, 5x(x — 2) + 7 — 2) =0 
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or, (x — 2) (5x + 7)=0 


Therefore, x - 2 =0or5x+7=0 Wx=2o0r x=-z= 


mn 


2+13 15 3 


Ifx = 2, from equation (2) we obtain, y= So 


Again, if x = t, from equation (2) we obtain, 


-7+ 65 58 
a Ba 
Ns > 5 - 5. 96 


Required solution: (x, y) = (2, 3), (4, = ) 
Solving using graphs 
Given equations are 


y=2x?-x -3 


x- 5y+13=0 f+} 4p} ft 


Here, x - 5y + 13 = 0 isa linear equation LH HAH He aeeaea 
and y = 2x” — x -3 is a quadratic equation. z > 
You have learned to graph linear equations [— 
and quadratic equations. Using your 
experience, graph the two equations on 
the same plane. The graph is given in the 
figure on the side. Match it with your graph. 
It is observed from the figure that the two 


T 
=. 

lS eeieen® Gielen 
— 


equations intersect at the points (2, 3) 


and (-Z, 38). Both methods got us the 


same solution. Thus, the correctness of the 


' 
faa 


solution is verified. 
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Team Project: Determinig supply according to demand 


To make a factory profitable, it must produce goods equal to the demand of the consumer. 
This condition is called market equilibrium. Given below is the equation of supply in 
relation to the demand for the product produced in a factory. 


g=p’-2p+44 ... 2... (1) 


Here, p is the price of the product and q is the quantity. Find the values of p and q for 


market equilibrium. 


Work instruction: 


1. Collect a poster paper, a graph paper and 
other necessary materials. 


2. Solve algebraically. Describe the steps in 
the solution. 


3. Plot the graphs of both equations (i) and (ii) 
on the same two dimensional coordinate 
axes on graph paper. Determine the point of 
intersection of the two graphs obtained. 


4. Present your group’s work methods and results on a poster paper or on the back of 
an old calendar. Consult with teacher if necessary. 


Writes arguments in favour of your group findings on poster paper. 
Match the solution [p=1,q=3 or, p=2,q=4] 


Pair work 


Following the instructions of class teacher, divide into several groups and solve the 
following system of equations algebraically. Then solve the equations graphically to 
prove that the solutions obtained both methods are the same. Write your group activities 
on posters and present them to the class. 


yHxr-x-2 


x-2y+5=0 
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1. Compare the given systems of equations witha,x + b,y=c,, a,x + b,y=c, and fill 
in the blanks. 


Sl. 


System of 
equations 


g 


Comparison 
of ratios 


Position 
on graph 


Consistent/ 
Inconsistent 


Algebraic 
decision 


(i) 


x aya 1 
2x Oy =2 


(ii) 


2x - Sy =3 
x7 3y=1 


(iii) |2x - 4y =7 
x-3y=-2 

(tv) Fx -y=0 
x-2y= 


2. Sketch the graph and solve the following pairs of equations that are solvable. Write 
at least three solutions if they have infinite solutions: 


I 2x+y=8 
2x - 2y =5 


ii) 2x + S5y=-14 
4x -Sy=17 


3. Solve using substitution method: 


i) 7x - 3y=31 


9x - Sy =41 
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ii) (x +2) - 3) =y@-1) 
5x - lly -8=0 


=8 iv) -7x + 8y=9 
5x - 4y=-3 
111) ras 5 2 


arya r hr 


v)p (x + y)=q(x — y) = 2pq 
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4. Solve using elimination method: 


i) 3x - Sy=-9 ii) =a -+ iii) 2x += 5 iv) ax + by =1 
-5 1 2 2ab 
5x -3y=1 a eo 8 bxt+ ay =o 


5. Solve using cross multiplication method: 


i) 3x - 2y=2 ii) 5 cs : = 8 iii) px + qv =p’? +q? iv) ax — by=ab 


7x + 3y = 43 2F _ay=-3 2qx - py =pq bx - ay = ab 


6. Apu has a rectangular vegetable garden. The perimeter of the garden is 120 meters. 
Doubling the width and subtracting 3 meters from the length the perimeter will 150 
meters. 

a) The garden is enclosed on 3 sides and is open on one side along its length. How 
much money will it cost to enclose the empty side with a fence of tk. 10 Per 
meter? 

b) If organic fertilizer costs tk.7 per square meter, how much will Apu have to 
spend on fertilizer in total? 


7. Find the nature of the roots of — x? — 3=0 and solve it. 


8. Solve 3x? - 2x - | = 0 using formula. Again solve it with the help of graph and 
show that there is the same solution in both the method 


9. Setu’s mother keeps ducks and chickens at home.She = 
bought 25 ducklings and 30 chickens for tk. 5000. If 
she had bought 20 ducklings and 40 chickens at the 
same rate, he would have spent tk. 500 less. 


a) What is the price of a duckling and a chicken? 


b) How much total profit will she make if she sells each duck at tk. 250 and each 
chicken at tk.1 60 after rearing for a few days? 


10.Solve the following system of equations: 
yHx-2x-3 
x -3y+1=0 


11. Construct 3 sets system of equations of two variables( one is linear and another is 
quadratic) as you like and solve it. 
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Trigonometry in Measurement 


You can learn from this experience- 


Concept of trigonometry 

Tigonometric ratios. 

Values of different trigonometric ratios. 
Elevation and Depression Angle. 


Solution of real life problem related to distance and height. 


2"4 friend ex 
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Suppose, one day, Abhi, Mita and Rina were discussing their studies sitting under a 
tree. Mita asked Avi if he could tell her the height of the tree. Abhi said, “Yes. I am 
going to measure the height of the tree right now.” Rina gave a condition that he could 
not climb up the tree and she proposed to learn how to measure the height of the tree 
without climbing up. 


All of a sudden, Mita took their attention. She showed the shadow of the tree and they 
decided to find out a way of measuring the height of the tree by measuring the shadow. 
Abhi said, “Actually, the shadow is at the right angle to the tree. If we imagine some 
lines from the end point of the shadow to the top point of the tree, we will get a right 
angled triangle. Can it be of any use?” 


Rina said, “Yes. We can use the Pythagoras theorem.” 


Mita said, “If we have the length of two sides of a right angled triangle, we can find out 
the length of the third side through Pythagoras theorem. Here, we can only measure 
the length of the shadow of the tree. That would be the length of the base. But without 
measuring the length of the hypotenuse, we cannot find out the height. Maybe, we 
need a formula for that. Tomorrow, we will discuss this matter with our mathematics 
teacher.” 


The next day, Abhi asked their teacher how they could measure the height of a tree 
without climbing up. The teacher told them to attend some classes on trigonometry. 
He also assured them that they would be able to solve the problem on their own after 
attending the classes. 


1. Concept of Trigonometry 


In the case of measuring, the right angled triangle plays an important role. You are 
aware of an interrelationship among the three sides of a right angled triangle. You 
learnt it in your previous class. Square on the hypotenuse is equal to the sum of the 
area of the square drawn on the other two sides. This relationship has been made based 
on the three sides of the triangle. But a right angled triangle has three angles along 
with the three sides. We can find out different relationships considering the angles and 
sides of the triangle. In ancient times, people used to solve different problems through 
the use of the ratio between the angles and sides of a triangle, for example how to 
measure the height of a tree without climbing up; how to measure the width of a river 
standing on one side of the river etc. These mathematical strategies have created a 
special branch of mathematics called trigonometry. The word ‘trigonometry’ originated 
from the Greek words ‘tri’ (three), ‘gon’ (side) and ‘metron’ (measure). The Egyptians 
used trigonometry for land measurement and engineering. Trigonometry deals with the 
problems related to triangles. 
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2. Introduction to Different Sides and Angles of Right Angled Triangle 


In a right angled triangle, the opposite side of the 
right angle is called hypotenuse. There are two 
acute angles along with one right angle. The two 
acute angles are adjacent to the hypotenuse. One 
of the sides adjacent to the hypotenuse is called 
base and the other one is called height. The 
horizontal side parallel to the ground is the base 
and the vertical side located on the base is the [On 
height. If we turn the triangle and set the height A Adjacent side (base) B 
parallel to the ground, the height will become the 

base and the base will become the height. So, the name of the sides depends on the 
position of the triangle. It is not a constant thing. Sometimes, it creates confusion. So, 
in order to avoid the confusion, we have to name the sides in reference to the angles. 
Suppose, we want to name the sides considering the angles adjacent to the base and 
hypotenuse. In this case, the base is regarded as the adjacent side and the height is 
regarded as the opposite side. C 


o) 


Opposite side (height) 


In geometric figures, for indicating the top points, 
capital letters (A, B, C etc.) are used and for indicating 
the sides, small letters (a, b, c etc.) are used. For b a 
indicating the angles, usually, Greek alphabets are 
used. Mathematicians from ancient Greece have been 


using these alphabets in geometry and trigonometry. a [oN 
Some of the alphabets are as follows: A c B 
Angle a. B Y 9) ) 
Name alpha beta gamma theta delta 


In the above figure of right angled triangle, the angle ZABC has been referred as 0. 


Individual task: 


Identify the hypotenuse, adjacent side and opposite side of the following triangles 
considering the angles 0 and a. 
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(a) (b) (c) G 
- 0 
17 L 
8 
L0\ iw ”N@q [sr 
Name of right Acute angle Hypotenuse Opposite side Adjacent 
angled triangle side 
a 0 ry 
b 7] 
c 7] 
d a EF 


3. The Sides of Different Sides of a Right Angled Triangle Considering 
the Interim Angle between the Hypotenuse and the adjacent side 


Pair work: 


Draw a right angled triangle in your notebook. You can draw the length of the sides 
according to your wish but the acute angle adjacent to the base has to be 30°. After 


drawing the triangle, measure the length of every side by using a scale and complete 
the following table. 


(1) 


(2) (3) (4) (5) (6) (7) (8) (9) 
Adj acent Opposite Hypote- | a djacent | Opposite | Adjacent | Opposite | Hypote- 
side side wai side side side side nuse |Hypotenuse 
Hypote- | Hypote- | Opposite | Adjacent | Adjacent Opposite 
nuse nuse side side side side 


Match the six ratios from number 4 to number 9 with your classmates. What have you 
noticed from the task? You have found the ratio of the sides in reference to a 30° acute 
angle. Though the sides have different lengths, the ratios are the same. If you find out 
the ratio of the sides in reference to any acute angle of a right angled triangle, we will 
see that the ratios are the same though the length of the slides are different. From this 
experiment, we can say that- 
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If the interim angle of base and hypotenuse of right angled triangles are equal, the 
ratio of the sides of those right angled triangles will be equal. If the measure of 
the of the interim angles are different, the ratio of their sides will be different too. 


4. Naming Different Ratios in Reference to a Particular Angle 


In a right angled triangle, the ratio of the sides in reference to a particular acute angle is 
equal. We have three sides: adjacent side, opposite side and hypotenuse. We can create 
ratios by using any two of the three sides. Do you have any idea about this? We can 
create six ratios in total. The ratios are as follows: 


Opposite side | Hypotenuse Adjacent side Hypotenuse | Opposite side Adjacent side 
Hypotenuse | Opposite side | Hypotenuse Adjacent side | Adjacent side | Opposite side 
Cc 
Mathematicians have set six different names for these six 4, 
. . a 
ratios. If the acute angle adjacent to hypotenuse and base 3 0%, 
: : : A 3 QM, 
is pointed by @, the ratios will be: sin@ , cos@ , tand , csc, 3 Se 
sec@ and cot@. The relationships these six ratios create & 
. rs a 
with the sides are as follows: -) 
A Adjacent side (base) B 
ing= pease sie. _ AC pz Adjacent side __ AB ahe= Opposite side __ AC 
el Hypomnuse BC men Hypotenuse BC Adjacent side AB 
Hypotenuse BC Hypotenuse BC Adjacent side AB 
esc = Opposite side = AC sec0 = Adjacent side a AB cotd = Opposite side = AC 


These ratios are Trigonometric Ratios. Usually, the names of trigonometric names are 
written in short forms. Their full name are as follows: 
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Full name 


sine 


cosine 


tangent 


cotangent 


secant 


cosecant 


Short form 


sin 


COS 


tan 


cot 


sec 


CSC 


Pair work: 


After analyzing the trigonometric ratio, try to find out whether all the other ratios can 
be expressed through sin and cos@. Two examples have been given below. Now, think 


and complete the table. 
Hypotenuse 1 ul 
csc0, = a = =~ —a 
. Opposite side Opposite side sin@ 
Hypotenuse 
Opposite side 
Opposite side Hypotenuse sind 
tand, eS Se = = 
Adjacent side Adjacent side cos@ 
Hypotenuse 
secO =? 
cotd =? 


5. The Value of Trigonometric Ratio in Reference to Different Angles 
5.1. For 45° angle 


Suppose, AABC is a right angled triangle. 2B = 1 is a right 


angle and A= 45°. 


So, ZC = 45° [" The sum of three angles of a triangle is equal 
to the sum of two right angle] 


Then, AB = BC [* The opposite sides of equal angles of a 
triangle are equal to each other] 


Suppose, AB = BC =a. 
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What we get by using the Pythagoras theorem is that 


AC? =AB?+ BC? =@+a@ =2a 


sAC= Pa 
S PSF em opposite side BC a (| 
o, sin sin "Hypotenuse i a ae 
In th 45° = = adjacent side __ BC oy 1 
n the same way, cos COs Hypotenuse AC Ry 4 VB 


Pair work: 


Find out the value of the following trigonometric ratios. One sample has been provided. 


1 
csc 45° = sn 45° =A\2 
V2 
tan 45° =? 
sec 45° =? 
cot 45° =? 


5.2. For 30° and 60° acute angles 


In the adjacent figure, AABC is an equilateral triangle. .A = B = C = 60° [Every angle 
of the equilateral triangle is 60°] 


Draw a perpendicular AD on BC from the point A. The point D divides BC into two 


equal parts. So, BD = CD. Again the line AD divides the angle ZBAC into two equal 
angles. 


So, ZBAD = ZCAD = 30° nm 
Suppose, AB = 2a. So, BD = ; .BC= ; .2a =a and 0° 
AD = AB? - BD? =1/4@-@ = 3@ =/3a 

So, we can write: 60° 
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39° = AP = v3 59° - bP 2 _! 
ons AB en AB 2a 2 
Pair work 


Find out the value of the following trigonometric ratios and show these to your teacher. 


sin 30°, sin 60°, tan 30°, tan 60°, sec 30°, sec 60°, csc 30°, csc 60°, cot 30°, cot 60° 


5.3. For 0° angle 


We have learnt how to find out the trigonometric ratio of the angles 30°, 45° and 60°. 
Now, we will see what will be the shape of a triangle if its angle is 0° or 90°. We will 
also learn how to find out the value of the ratio of a triangle if its angle is 0° or 90°. 


Suppose, AABC is a right angled triangle. If the value of the angle ZA of the triangle 
becomes smaller, the length of BC will get smaller too. The closer the value of ZA gets 
to 0, the closer the length of BC gets to zero. 


¢ 


Cc rs a 
| AA dé jee aa 
A 


A 


4 4 
¢ ¢ 

I I 

I I 

I I 


opposite side == BC 
Hypotenuse AC 


this case, the length of AC will be nearly equal to AB. 


In the triangle AABC, the value of sin A = will be close to 0. In 


2 adjacent side _ AB 
Then, the value of cos A a AC will be 1. 


This idea helps us to define sind and cosd when A = 0°. We can write: 


sin 0° = 0 and cos 0° = 1 


Individual task: 


Find out the value of tan 0°, cot 0°, sec 0° and csc 0° by using the value of sin 0° and 
cos 0° . 


5.4. For 90° angle 
When the angle ZA in AABC become larger, the length of AB gets smaller. 
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A B a he eae We ee 


The closer the value of ZA gets to 90° , the closer the length of AB gets to 0. 


dj t sid 
In the triangle AABC, the value of cos A = a Lecce will be close to 0. 
Hypotenuse AC 


opposite side BC 
Hypotenuse AC 
This idea helps us to define cos A and sin A when A = 90°. 


will be close to 1. 


Then, the value of sin A= 


Then we can write: 
cos 90° =0 and sin 90° =1. 


Individual task 


Find out the value of tan 90°, cot 90°, sec 90° and csc 90° by using the value of sin 90° 
and cos 90° . 


We can write the value of the trigonometric ratios in the following manner. 


; é 0° 30° Ale 60° 90° 
ratios 

. 1 I V3 

0 —— a eae 1 
ace 2 2 2 
V3 

1 Ns, — a 
cos 5 Va 5 0 


1 
tan 0 — 1 3 Undefined 
3 a 
1 
cot Undefined 3 1 — 0 
V3 V3 
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ry 


sec 1 Undefined 


ae 


csc Undefined 2 


ry 


Sh 


We can solve many problems by using the above table. 


Problem: In a right angled triangle AABC, ZA=30° and AB = 7cm. Find out the 
length of BC and AC. 


: BC C 

Solution: From AABC, we get: tan A= —>. 
BC 1 _BC 7 aie 
“. tan 30° = = = = BC =——=4.04 cm (Approx. 
; _ AB 30° 

Again, cosA AC i = 
. Sed V3 _ 7 14 
“. €0830° = 5G = "7 = GG = AC= cae 8.08 cm (Approx.) 
Pair work 


Make a problem like the above problem and give it to your pair to solve the problem. 
Check the solution by your teacher. 


6. Finding out the Trigonometric Ratios in Reference to Different 
Angles through Calculator 


You have found the trigonometric ratios in reference to a particular angle by using the 
tules of the right angled triangle. It is very difficult to find out the trigonometric ratio in 
reference to an angle. Luckily, we have scientific calculators or computers that can be 
used to find out the trigonometric ratios. For your practice purpose, use your calculator 
and find out the ratios given to you as pair work. 
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Pair work: 


1) With the help of teacher, find out the ratio of 40°, 55°, 62°, 83° by using a 
scientific calculator or computer. 


2) Find out the value of the following ratios. sin 32°,cos 36°,tan 52°,cot 61.5°,sec 
72.6°,csc 15° 


The mathematics teacher said to Rina, Abhi and Mita, “Now you have all the knowledge 
that you need to measure the height of a tree without climbing up. Let’s complete the 
following task with all the other students.” 


Group project 


All the students in the class will be divided into several groups. Each group will pick a 
stick or tree branch of different lengths according to their convenience. When the sun is 
in a reclining position, every group will go to a tree. After that they will set the stick or 
tree branch vertically on the ground and measure the length of the shadow. At the same 
time, they will measure the length of the shadow of the tree. 


Now draw a triangle AABC like the above figure where the ratio of AC and AB is equal 
to the ratio of the length of stick and the length of the shadow of stick. It means: 


AC _ Length of the stick 
AB Length of the shadow of the stick 


= AC _ Length of the stick 
Suppose, ZABC = @. Then, tan 6 = AB Length of the shadow of the stick 


Find out the value of tan 0 by using the measurement that you did earlier and write it 
down in your notebook. 
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Suppose, the height of the tree is h. The line from the top point to the ended point of the 
shadow of the tree makes an acute angle @. So, 


h 
Length of the shadow of the tree 


tan = 


That is, 
h = tan@ x Length of the shadow of the tree 


You have the value of tan @ and you know the length of the shadow of the tree. Now 
find out the value of h. 


The groups you measured the shadow of the same tree will get the same or close value 
of h. If any group's value of h. doesn’t match with others in case of the same shadow, 
there might be an error in the process. The group should try again. 


7. Elevation and Depression Angle 


Let’s look into the adjacent figure. A person is looking at the 
top of the tree. If we imagine a line along with the person’s 
eyesight, a geosynchronous line from the eye and a vertical 
line from the bottom to top point of the tree, we will get a 
right angled triangle. In this case, the angle situated inbetween x 


the line along with the eyesight and the geosynchronous line 
i 


from the eye is an elevation angle. If we know the measurement 
of this elevation angle and the length of one side of the 

imagined triangle, we can find out the lengths of other sides of the triangle by using 
trigonometric ratio. 


vertical line 
we 


Now look into the adjacent figure. A child is looking down at an object from the balcony 
of the 1“ floor. If we imagine a line along with the child’s eye sight, a vertical line from 
the child’s eye to the ground, a line from the object to the end point of the vertical line, 
we will get a right angled triangle. In this case, 
the angle situated in between the line along 
with the eyesight and the line imagined on the 
ground from the object to the end point of the 
vertical line is a depression angle. If we know 
the measurement of this elevation angle and 
the length of one side of the imagined triangle, 
we can find out the lengths of other sides of the 
triangle by using trigonometric ratio. 


7.1. Elevation and Depression Angle in Reference 
to a Particular Point of a Particular Side 


elevation 
angle 


Suppose, AB is a line parallel to the ground. O is a point on 
AB. Two angles ZPOB and ZBOQ has been drawn so that A 
A, O, B, P and Q can be located on the same vertical plane. 


depression 
angle 


Q 
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Here the point P is located above the line AB. So, the elevation angle P in reference to 
O is ZPOB. 


Again, the point Q is located below the line AB. So, the depression angle of Q in 
reference to O is ZQOB. 


8.The Importance of Measuring Trigonometric Ratio 


You have already understood the importance of trigonometric ratio. We use trigonometric 
ratios for different purposes in our daily life. We can measure the distance of an object 
by measuring the angle. We do not need to go near the object. This discovery was a 
revolution. So, we will concentrate more on acquiring the knowledge of trigonometry. 
We can solve many difficult problems with this knowledge. 


9. Distance and Height: Real Life Problems and Their Solutions 


Let’s solve some real life problems by using the knowledge that we have gathered so far. 


Problem 1: A ladder has been kept leaning against the edge of the roof of a house. 
The length of the ladder is 12 feet and the ladder has created a 45° angle with the land. 
What is the height of the roof from the ground? 


Solution: Suppose, the top point of AC is C and the point C is at the edge of the roof. So, 
the altitude drawn from the ground to the point C will be the height of the roof. According 
to the figure, BC = A (suppose), the height of the roof and the base AB have created a 45° 
angle. Therefore, 2CAB = 45°. From the right angled triangle AABC, we get: 

C 


=h= 12 = 8.49 feet (Approx.) ze B 
V2 


So, the height of the wall is 8.49 feet (Approx.) P a | 


Problem 2: Two friends were 
standing 500 m away and they 
saw a plane flying over them. At a ih 
certain instant, the elevation angle ; 
of the plane from the 1° friend was 2” fiend ee) ! 
60° and the elevation angle of the 
plane from the 2" friend was 30°. 
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How high was the plane flying? If the plane passed over the 2™ friend 2 seconds later, 
what was the speed of the plane? 


Solution: Suppose, the position of the 1“ friend is A, the 2™ friend’s position is B 
and the position of the plane is P. Suppose, the altitude imagined from P to ground is 
PQ =hand AQ =x. 

h 


From the right angled triangle AAPQ, we get: tan 60° = 7 


h 


From the right angled triangle ABPQ, we get: tan 30° = x4 500° 


1 h 


v3 x+500 


= x +500 =Av3 


= tt + 500 = nvn3 [Substituting the value of x from the equation (1)] 


V3 
= h+500V3 = 3h 
= 2h =500V3 
= h =250V3 


So, the plane is flying through an altitude of 250V3 m. 


250V3 
We get from the equation (1): x = = = a = 250 


The plane covers a distance of 500 + 250 = 750 m. in 2 seconds. So, the speed of the 
plane is 750 + 2 = 375 m/s. 


Problem 3: A pole broke in such a way that its broken part touched the ground 10 m 
from the base of the pole. The depression angle is 30°. So, what is the length of the 
pole? 
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Solution: L 


Let’s assume, the length of the pole was BL= h m | 
and the pole broke at the height of BC = x m. The 
broken part touched the ground AB = 10 m from the 
base of the pole. So, AC = CL. 


Here the depression angle is ZACD = 30°. So, A 10 meter B 
ZBAC = ZACD=30° [Alternate angle] 


According to the rule, AC = BL - BC = (A - x) m. So, we get from the triangle AABC, 


¢._BC _ x. = — 1 _ 10 
tan 30 AB 10° = x= 10 tan 3 ns : m 
. o_AB__10 
Aganin, cos 30 =A hex 
_, V3 __10 
2 h-x 
20 
=h - x = =~ 
V3 
tpg 20: IW 2 WU 80 aga 


BM VB WB 
So, the length of the pole is 17.32 m (Approx.) 


Pair work 


You are standing on the bank of a river and looking 
at a tree on the other side of the river. Move 50 m 
in such a way that the intersection of your current 
position with that tree makes an angle of 30°. What 
is the distance of your previous position from the 
tree across the river? 


Group project 


According to the instruction of your teacher, divide 

into several groups and measure the height of the highest building of your school by 
using the knowledge of trigonometric ratio. After measuring the height, present the 
whole process on a poster paper. 
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. If 8 = 30°, prove that (1) cos20 = 


. Aman standing on a tower at the bank of the sea observed 


Trigonometry in Measurement 


( Exercise ) 


. Ifcosé = = find out the other ratios of the angle 0. 


4 2 


. If 12 cot0=7, what is the value of cos@ and cscé ? 


. Ina right angled triangle AABC, ZB = 90°, AC = 12 cm, BC = 13 cm and ZBAC = 0. 


Find out the value of sin@ ,secO and tand . 


| = tan? 
1+ tan’6 ’ 


“: _ __2tand 
(ii) tan20 = 1 — tan20 ° 


. If the elevation angle of the top point of the tree is 60° at a point on the ground 


15 m from its base, find the height of the tree. 


. Aladder with a length of 6 m creates an angle of 60° with the base. What is the height 


of the roof? 


. The elevation angle of the top point of a tower is 60° from a point on the ground. The 


elevation angle of the tower will be 45° if is 20 m behind from the previous place. 
What is the height of the tower? 


. Aman standing on the bank of the river observes that on the other side of the river, the 


elevation angle of the top point of a 100 m tower is 45°. The man starts journey by 
boat to the tower. But due to water current, the boat reaches the river side with 10 m. 
distance from the tower. Determine the distance from starting point of the man to the 
ending point. 


A 


that a ship was coming towards the port. At that time, ay 
the depression angle of the ship was 30°. A few moments 
later, the depression angle became 45°. If the height of aby 

the tower was 50 m, how far did the ship cross during 
that time? 


10. The elevation angle is 45° at a distance of 10 m from your 


office building. If the elevation angle is 6 at a distance of 20 m, what is the value of 
sin? and cos@ ? 


156 


Trigonometry for Angular Distance 


You can learn from this experience- 
* Concepts, importance, and techniques of measuring trigonometric angles. 
¢ Difference between geometric angles and trigonometric angles. 


¢ Standard positions of trigonometric angles and measures of angles relative to 
these positions. 


* Concept and measurement of coterminal angle, quadrant angle and quadrantal 
angle. 


¢ Trigonometric ratios in standard position. 
¢ Interrelation of trigonometric ratios of various angles. 


¢ Interrelation of trigonometry and coordinate geometry. 


¢ Radian measurement of angles and the relationship between degrees and radians. 
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Trigonometry for Angular Distance 


In previous class, we learned to find the linear distance 
between two objects. Interestingly, apart from linear 
distance there is another type of distance called angular 
distance. For example, the adjacent image shows some 
players on a cricket field. Distances PA and PB directly 
from batsman P to fielders A and B are called linear 
distances. But if we want to measure the distance 
between fielders A and B with respect to the batsman P 
considered to be at the centre, then that distance is called 
angular distance. The difference in position of PA to PB 
with respect to the point P in the adjacent figure is called 
the angular distance, which is denoted by 0. 


Whether we know it or not, we use angular distance in various activities every day. For 
example, in the game of cricket, a batsman hits the ball keeping in mind the angular 
distance of the fielders and then runs. Again, we always use different angular distances 
when working with our 
hands. The hands of 
our wall clocks are 
constantly _ traversing 
angular distances. 
When we measure 
the distance from one 
star to another in the 
night sky, that too is (a) (b) (c) 
essentially an angular 

distance. You will find numerous examples where angular distance is used. By measuring 
angles, we can know the position of many distant objects and determine their size, 
rotation properties etc. In this chapter we will try to solve such problems by measuring 
trigonometric angles. 


Work in pairs 


Think in pairs and write three examples in the table below where angular distance is used. 


To measure angular distance, we use the knowledge of trigonometry. Below this topic 
is discussed continuously in detail. 
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1. Measurement of trigonometric angle 


An angle is formed when a ray rotates from an initial position to a P 
terminal position with respect to its starting point. Let OA be an 
initial ray which turns about the point O and reaches the position 
OP. So, an angle ZAOP is formed. Let ZAOP = @. Here O is the 
vertex, OA is the initial line, and OP is the terminal line. The 6 a 
amount by which the ray OP rotates with respect to the point O, 

keeping the ray OA fixed, is called the angular distance. That is, # is the angular distance. 
Angular distance plays a very important role in measurement. Angular distance is 
usually measured in degrees. Degrees are indicated by the ° symbol. By keeping the ray 
OA fixed and the ray OP rotated about the point O, angles of different measure are 
formed. Initially when the ray OP is parallel to the ray OA the angle will be 0°. If the 
ray OP turns once with respect to the point O and again coincides with the ray OA, then 
the angle will be 360°. That is, 1° is the angular distance we get dividing one full 
rotation by 360. 1’ (1 minute) is the angular distance we get dividing 1° by 60. That is 


0 


= a x 1°. Again dividing 1’ by 60 gives the angular distance as 1" (1 second). 


* on 1 I a 1 
That is 1 = x 1. Hence, 1 3600 * 


60 

Have you noticed that the hands of your home wall clock or table clock or your school’s 
wall clock are always rotating? The hands are repeatedly moving 
over 12 o’clock. If we imagine a ray starting at 12 o’clock from the 
center of the clock, what angular distance can you say these hands are 
traversing? When the hands turn once over 12 o’clock, they traverse 
an angular distance of 360°. Completing one full rotation once more 
will cover a distance of 360° + 360° = 720°. Thus, completing each 
full rotation will add 360° to the angular distance. So, we can see, 
angle measure can be more than 360° in terms of angular distance. 
That is, trigonometric angles can be greater than 360°. 


ee 


Work in pairs 


If the angular distance of two places A and B with respect to the 
center of the earth in the adjacent figure is 15°, express the angular 
distance of the two places in seconds. Write the answer in the 
box below. 
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1.1 Positive and Negative Angles 


P 
Just as number system has positive and negative numbers, angular 

distances have positive and negative angles. If the terminal ray OP 

rotates clockwise with respect to the initial ray OA, then the angle 6 

@ is negative, and if the terminal ray OP rotates counterclockwise © ns 
with respect to the initial ray OA, then the angle @ is positive. _ 

Arrows are used to indicate direction of positive and negative O A 
angles. Also, negative angles are indicated by a ‘—’ sign before the 

angle like a numerical expression. Positive and negative angles are 5 


indicated in the adjacent figure. 


If the terminal ray OP rotates more than 360° counterclockwise or clockwise, then 
the angle is greater than 360° and we can 


represent it as in the adjacent figure. Angles A 
greater than 360° are observed in various —(360°+ 6) 
objects in nature; For example, spiral galaxy, : 

vine arms etc. Can you name more examples se > . 


that form angles greater than 360°? Think 


and write in the box below. 
creeping tree 


ae 


Work in pairs 


Draw 200° and —230° angles in the blank below using a geometric ruler and protractor. 
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2. Geometric Angles and Trigonometric Angles 


From geometry we know that when two different rays meet at a point, B 
an angle is formed at that point. In the figure ZAOB is a geometric 
angle. Here the rays OA and OB meet at two points O. Hence angle 
ZAOB is formed at point O. ZAOB is always considered positive in 
measuring angle. So, the discussion of angles in geometry is limited 


to 0° to 360° or four right angles. 


On the other hand, in case of trigonometric angles, keeping the P 
ray OA fixed, rotate OP about the point O to form angles of 
different measures. Trigonometric angles can be both positive 
and negative and can be greater than 360°. In the adjacent figure 
6 = ZAOP is a trigonometric angle. This is a positive angle, 
because the line OP makes an angle @ with the origin line OA 
in a counterclockwise direction. 


Individual task 


Draw a geometric angle of 120° in the blank space below. Draw a positive and a 
negative trigonometric angle of the same measure. 


3. Standard position of trigonometric angle 


We can represent any trigonometric angle in two-dimensional 
coordinates or the xy-plane. Ifa trigonometric angle 0 is placed 
in the xy-plane in such a way that the vertex of the angle is at 
O and the initial ray lies on the positive side of the x-axis, then 
this position is called the standard position of the angle. 
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Work in pairs 


Which of the following angles are in standard positions? Explain the reasons for those 
which are not in standard position and write in the blank space below. 


Y ¥ 
ok x a x! a 
y’ . y’ - Y? 
Ste sf 
y’ a 


4. Location of trigonometric angles in different quadrants in standard position 


In two-dimensional coordinate geometry the x-axis od 

and y-axis divide the xy-plane into four parts. They second quadrant | S°*ond quadrant 
are called first quadrant, second quadrant, third 

quadrant and fourth quadrant. The adjacent figure 
shows the quadrants. A trigonometric angle in ideal 
position is located on any of these four quadrants or 
on an axis. If it is located on a quadrant, it is called 
a quadrant angle and if it is located on an axis, it 
is called a quadrantal angle. In the adjacent figure third quadrant fourth quadrant 
@ is a quadrant angle located in the first quadrant. ¥! 

Similarly, a, 6 and y are the quadrant angles which 

are located in the second, third and fourth quadrants respectively. On the other hand, 6 
is a quadrantal angle that lies on the positive side of the y-axis. 


Example: Find the quadrant of terminal ray OA of angle ZXOA = 210° in standard 
position. 


Solution: Here 210° = 180° + 30°. 


Since 210° angle is a positive angle, to create this angle the terminal ray OA turns 180° 
anti-clockwise from the initial ray OX and turns another 30° in the same direction to 
reach the third quadrant. Hence the terminal ray of the angle is in the third quadrant. 


Example: Find the quadrant of terminal ray OA of angle 2XOA = —210° in standard 
position. 
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Solution: Here —210° = —180° — 30°. 


Since —210° angle is a negative angle, to create this angle the terminal ray OA turns 
—180° clockwise from the initial ray OX and turns another —30° in the same direction 
to reach the second quadrant. Hence the terminal ray of the angle is in the second 
quadrant. 


Work in pairs 


Draw the angles 130°, 400°, —200° and —750° in standard position using ruler and 
protractor. Determine whether they are quadrant angles or quadrantal angles. State 
which quadrant the angles are in. Show your work to the teacher. 


4.1 Coterminal angle 


Two trigonometric angles in standard position are 
called coterminal angles if their terminal rays are 
the same. 


Example: 30° and —330° are two coterminal angles. 
Because, in standard position the terminal rays of 
these two trigonometric angles are the same. Again 
the 390° angle is also coterminal with the 30° angle. 
The adjacent figure shows the angles 30°, —330° and 
390°, where OA is the terminal ray. 


Use some tricks 


Find 3 positive and 3 negative coterminal angles of 40° and represent the 
angles in standard position in the blank below using ruler and protractor. 
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5. Trigonometric ratios of angles in standard positions 


We have learned to find different trigonometric ratios by 
drawing right-angled triangles in terms of acute angles 
and seeing that the trigonometric ratio changes as the 
value of the angle changes. Let us now try to find out 
the trigonometric ratio using the coordinates by drawing 
triangles at the standard positions of different angles on 
the Cartesian plane. You learned in the previous chapter 
to represent points in two-dimensional coordinates, 
or the xy-plane. Here we derive the values of various 
trigonometric ratios from the position of the point on the 
terminal ray of an angle in standard position. 


Let 0 = ZXOA be a trigonometric angle in standard position whose terminal ray is 
OA (by the adjacent diagram). Let P(x, vy) be any point (except the origin) on OA. So, 


OP=r=VPty¥ . 


Then the trigonometric ratios with respect to the angle @ are as follows: 


Xx Xx 


sind = a cos@ = ——, tand = ~. cot@ = —~, sec0 = 
r r x y 


Example: An angle 6 = ZXOA is in standard position. Determine the trigonometric 
ratios with respect to the point P(—3, 2) which is on the terminal ray. 


Solution: Here x = —3, y=2 and OP=r=V (-3° + 2° = 13 Hence the trigonometric 


ratios are: 

sind ri cos@ - is a tand es 3° 
_r _NvB r VB V3 x _-3_ 3 

csc = rr = secO x 3 =| cotd a 

Individual task: 


An angle 0 = ZXOA is in standard position. Determine the trigonometric ratios with 
respect to the point P(1, —2) which is on the terminal ray. 
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6. Trigonometric ratios of quadrantal angle 


In standard position the terminal ray of the quadrantal 
angle lies on any axis. So, we can find the trigonometric 2 
ratio of quadrantal angles with respect to points on 
different axes. 


0 PC, 0) 
Example: Find the trigonometric ratios for an angle at a | 0 1 2 
the standard position relative to the point P(1, 0) on the = 
positive side of the x-axis. 
2 
Solution: Here x = 1, y=0 and OP=r=V 1+ =4, 
So, the trigonometric ratios are: 
; 0 1 
sing == — =0 cos@ =~ =—=1 Oe ae 
rl ys x I 
yd es [ae 
csc@ = — = — = undefined sec0 =—=— =1 cot? = — = —= undefined 
y 0 _ y 0 


Team task/ project 


Get divided into groups (minimum of four or multiples of four) as directed by the 
teacher. Each group will take one graph paper. Draw the x-axis and y-axis on the graph 
paper and determine the origin O. Each team will take one point on the positive and 
negative sides of each axis and denote the points by A, B, C, D. The teacher should 
make sure that the points taken by each group are different. Each team will take one 
piece of poster paper and glue the graph paper to the top. Now write the answers to the 
following questions on the poster paper. 


e Coordinates of point A on positive side of x-axis: 
e Coordinates of point B on positive side of y-axis: 
e Coordinates of point C on negative side of x-axis: 
e Coordinates of point D on negative side of y-axis: 
e Positive angle at terminal ray OA at standard position: 
e Positive angle at terminal ray OB at standard position: 
e Positive angle at terminal ray OC at standard position: 
e Positive angle at terminal ray OD at standard position: 


Now each group will find the trigonometric ratio of each angle with respect to the 
points they have taken and fill in the table below. 
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0° O° O° ° O° 
fees 0 90 180 270 


sin 
cos 
tan 
sec 
CSC 
cot 


Even though different teams have different points, the value of each cell in the above 
table is the same!! 


¢ Why are the values of each cell in the table above the same? Think logically and 
reach a decision by discussing with all your team members. Present your decision 
on poster paper. 


Now present your project in front of everyone in one day following the teacher’s 
instructions. 


7. Trigonometric ratio of quadrant angles 


In standard position the terminal ray of the quadrant angle lies in any quadrant. 
So we can find the trigonometric ratio of quadrant angles with respect to different 
quadrant points. 


Example: Find the trigonometric ratios for an angle at the standard position relative 
to the point P(1, 1) on the positive side of the x-axis. 


Solution: Here x = 1, y=1 and OP=r=V + 1° = 2 . Hence the trigonometric 


ratios are: 
ind = = Se Pale 
a a COT ae tan@ aa l 
2 2 
fe ee Ce) pata ae iets 
¥ I x 1 y | 


Note that the above trigonometric ratios are same as the 45° trigonometric ratios. 
G What is the reason for this? Think and write your reasoning in the blank space 
below. 
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Work in pairs ¥ 


The adjacent graph paper shows the location of 1 
some spots of an educational institution. Find the ° Academie buttding 
coordinates of points A, B, C, D, and E. Find the 


trigonometric ratios for the trigonometric angle 6 at X’ a Ae SARE IEY X 
the standard position where the terminal ray is the line lal 4 

passing through each of these points from the origin H ca 

(0, 0) and and complete the table below. D held 6 


(x, y) sind cosé tand cscO secO cotd 


mola) wl }> 


8. Signs of trigonometric ratios in different quadrants 


The rotating ray OA of angle 6 = ZXOA at the standard position in the xy-plane of 
produces angles of different measure with the initial ray OX depending on the terminal 
position by counterclockwise rotation. Taking any point P(x, y) on OA will change the 
coordinates of point P, that is, sign of x and y, due to its position in different quadrants. 
But if we consider the distance OP = r, it will always be positive. Using this concept, 
we can find the signs of trigonometric ratios in different quadrants. 


Now let’s fill in the blanks in the table below. Few are done for you. You have to 
complete the rest. 
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Quadrant | Abscissa | Ordinate Sign of the ratios 
sing=~ > 0, cos0 =~ =O, tand=~>0 
First | x>0 | y>O F r oi 
cscO = >0, secO= cot0= 
sind = cosd =~ < 0, tan? = 
Second | x <0O . 
cscO = secO = coté = o <0 
j — ye —— — 
Third pea sind - <0, cos@= tan0 
cscO= secO= cotd= 
sing=< 0, cosO= tand = 
Fourth | x>0 r 
cscO = secO = = >0O cotd= 
Y 


We have seen that the ratios can be positive or 2™ quadrant | 1“ quadrant 
negative considering the quadrants. For easy ‘im? andesc#are | all trigonometric ratios 


remembering we can use the adjacent diagram. 2° sae 
This diagram indicates which quadrants have which tan and cot are | cos@ and secé are 
ratios positive. positive positive 
3 quadrant | 4" quadrant 
yr 


9. Interrelation of Trigonometric Ratios by Difference of Angles 


From standard positions in different quadrants of Y A 
coordinate plane we can determine the interrelationship of 
trigonometric ratios. 


The trigonometric ratios for right triangle AOPQ as shown 
in the adjacent figure are, 


sind = e cos@ = re tand = 
cscO = 7 secO = a cotd =~ 


Using all these trigonometric ratios we can determine the interrelationship of different angles. 
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9.1 Using supplementary angles 


You know, if the sum of two angles of a triangle is a right angle, one of the two angles 
is called the complementary angle of the other. Here, ZOPQ is a complementary angle 
of 0. That is, ZOPQ = 90° — 8. 


From the angle @ in standard position with respect to the point 
P(x, Y), 


sind = sf cosé = a tang => 


> 


a 


cscO = _ secO = —_ cotd = 
y x 


 |& 


Again, by the adjacent figure for the right-angled triangle AOPQ , for angle 
ZOPQ = 90° — @, base is y and perpendicular is x. Thus, the trigonometric ratios are, 


sin(90°-0) = cos(90°-0) a ,  tan(90°-0) ri 
O° = r O_ = oa OS => 
csc(90°-0) ye see (90°-0) - cot(90°-8) . 


Now fill the table below by observing the above relationships. Two are done for you. 


sin(90° - 0) = = cos0 esc(90° - 0) = 
cos(90° — 6) = sec(90° - 6) = - = csc 
tan(90° - 0) = cot(90° — @) = 


9.2 Standard position of the angle is in second quadrant 


Now notice at the next diagram. Ray OA turns anti-clockwise and lies in the second 
quadrant making an angle @ with the negative direction of 

the x-axis. So the trigonometric angle of terminal ray OA at 4 

standard position is (180° — 0). Take a point P on the ray OA. 
Draw PQ perpendicular to x-axis from P. Let OQ = x, PQ=y 
and OP = r. Then the coordinates of point P are (—x, y). 


Then, the trigonometric ratios for right triangle AOPQ are: 
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sind = ~~ cos0 =a tang=% 


x 

r r x 

cscO=—, secO=—, cotd=— 
y 7 


Trigonometric ratios at the standard position of the angle (180° — 8) with respect 
to the point P(—x, y) are: 


sin(180°- @)=~, ——_cos(180° - @)==*, tan(180° - 6) => 
2) 
esc(180° - 0 —— sec(180° - 0 — cot(180° — 6) = — 
( ae y=, cot er 


Using (1) and (2), write the relationship of trigonometric angles to trigonometric 
ratios in the table below. 


sin(180° - 6) = esc(180° — 0) = 
cos(180° - 0) = sec(180° — 0) = 
tan(180° - 6) = cot(180° — 6) = 


Now write down the relation between the trigonometric 
angles 90° + 6 and @ using the diagram: 


sin(90° + @) = csc(90° + 6) = 
cos(90° + @) = sec(90° + 6) = 
tan(90° + 0) = cot(90° + 6) = 


Using the above relations we can easily find the trigonometric ratios of some angles in 
the second quadrant. 

V3 
Example: cos150° = cos(180° - 30°) = —cos30° = Ss 
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Individual task: 
Find the values of sin120° and tan135°. 


9.3 Standard position of angles is in third quadrant 
Prove the following relations by observing the diagram 
following the above method. 

Work in pairs 


1. Prove the following relations by observing the diagram. 


sin(180° + 8) = — sind csc(180° + @) = -cscé 
cos(180° + 8) =- cosé sec(180° + @) =- secd 
tan(180° + @) = tand cot(180° + @) = coté 


2. Prove the following relations by observing the diagram. 


sin(270° - 0) =-cos@_ |csc(270° - 0) = - secé 


cos(270° - 8) =-sin@  |sec(270° — 0) =— cscé 


tan(270° - 8) = coté cot(270° — A) = tand 


Using the formulas, we can easily find the trigonometric ratios of some angles of the 
third quadrant. 


Example: cos225° = cos(180° + 45°) = -cos45° = 


Individual task: Find the value: sin210°, tan240° 


9.4 Standard position of angles is in fourth quadrant 
270°+ 0 
Work in pairs 


1. Prove the following relations by observing the figure on 
the side from the experience of determining the relations 


of the trigonometric angles of the first, second and third 
quadrants. 
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sin(270° + 8) =-cos@ _ |csc(270° + 8) = -secd 


cos(270° + 8) = sind sec(270° + @) = cscé 


tan(270° + 6)=-cot@ —_|cot(270° + 8) = -tané 


2. Prove the following relations between trigonometric angles (360°-9) and @ by 
observing the figure on the side. 


sin(360° - @) = csc(360° — A) = 
cos(360° - 6) = sec(360° — 4) = 
tan(360° —- 6) = cot(360° — 6) = 
Individual task: 


Find the value: sin330°, cos300°, tan315° 


3. Prove the following relations between trigonometric angles (—@) and 0 by observing 
the figure on the side. 


sin(-6)=—” =-sing |°se(-8) = 


cos(-8) = sec(—0) = 


tan(-0) = cot(-8) = 


So we can remember the relationship between the trigonometric angles with respect to 
the axis from the table below. 


Ratio sin cos tan csc sec cot 
Angle 
-0 -sind cosd -tand -csc0 secO -cotd 
90° -@ cos@ sind cotd secO csc0 tand 
90°+ 0 cos@ -sind cotd secO -csc@ tan0 
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180° - 6 sind -cos0 -tand cscé -sec0 -cotd 
180° + 0 -sin@ -cosd tand -cscd -sec0 cotd 
270° - 0 -cosd -sin0 cotd -sec0 -csc0 tan 
270° +0 -cos0 sind -cotd -secO esc -tand 
360°- 0 -sind cosd -tand -csc0 sec0 -coté 


Again if the value of the angle is greater than 360°, we can 
write it as (360° + @). The position of the terminal ray will 
be same for angle 0 and for angle (360° + @). As a result, the 
trigonometric ratios will be the same for both angles. That is 


cos(360° + 8) = cosé etc. 
V3 


sin(360° + 0) = sind, 


Example: sin420° = sin(360°+60°) = sin60° = 9 


Individual task: Find the value: cos 405°, sinS70° 


10. Interrelationship of trigonometry and coordinate geometry 


Let P (other than the origin) be a point on the terminal ray 
OA of positive trigonometric angle 6 = ZXOA in the xy- 
plane. Then we can specify the point P in two ways. One 
is through coordinate geometry and the other is through 
trigonometric angles. Let PQ be perpendicular to OX 
through point P. Let OQ = x and PQ = y then in coordinate 
geometry the coordinates of point P are (x, y). Again if OP = 
r the point P can be expressed by (7, 8). That is, point P has 
two forms. One is through the x-axis and y-axis and the other is through the angular 
distance @ and the distance OP. Here we will establish the relationship between P(x, y) 
and P(r, 8). Note here that @ is the trigonometric angle at standard position. Find the 


value of # according to the quadrant in which the point P(x, y) lies. To find the value of 


0, we need to know the reference angle of 0. 


10.1 Reference angle 


Let 0 = ZXOA be a trigonometric angle in standard position. The acute angle 
OA makes with the x-axis is called the reference angle 0. The reference angle of 
@ is denoted by 0’. 


Below are the reference angles 0’ of the angles @ in the second and third 


quadrants for points P. 
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Example: Find the value of the reference angle of 320°. 


Solution: 320° = 270° + 50°. Hence the angle 320° is in fourth ,, 
quadrant (see the adjacent figure). The terminal ray creates an 
acute angle 360°-320° = 40° with the x-axis. So the reference 
angle of 320° is 40°. 


Work in pairs 
Find the reference angles of 30°,150°, 280°, 300°, 400° and —240°. 


10.2 Expressing P(x, y) in terms of P(r, 8). 


Can you tell what is the relationship of x and y with r and 6? Remember, using the 
Pythagorean theorem we can write, 


a 
tan?’ =—— 
x 


Here, consider the positive values of x and y. From here, after finding the reference 
angle @’ according to the position of the point P(x, y), find 0. 


Example-1 
Express P(-/3 , 1) in terms of (r, 4). 


Solution: Here x = -V3 , andy = 1. Hence the point P(-V3 , 1) is in the second quadrant. 


Hence, r=V*tY =V(-2% +2? =75 and tan0’ = = = al = tan30°. 
So, 9’ =30°. Therefore 0 = 180° — 30° = 150°. 
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So, in terms of (r, 9) , the coordinate of P(-3 , 1) is P(V5 , 150°). 


On the other hand, if the coordinates of point P are given by r and 6, we can express the 
coordinates of point P in terms of (x, y) from the following relation. 


x=rcos@ and y=rsin@ 
Example-2 


Express P(5, 240°) in terms of P(x, y). 
Solution: Given that, r= 5, and 0 = 240°. Therefore, 


x =rcos0 = 5 cos240° = 5 cos (180° + 60°) = 5(-cos60°) = -5x + ae and 


2 
V3 v3 
y =5 sin240° = 5 sin(180° + 60°) =5(-sin60°)= -5 x ee ao 
5 _ 5N3 
Hence P(x, y) = p(- aT 2) 


Work in pairs 
Express P(-V2 , 150°) in terms of P(x, y). 


11. The radian measure of a trigonometric angle 


So far we have used degrees as the unit for measuring 

trigonometric angles. Another important unit of trigonometric 

angle measurement for solving mathematical problems is the <i | s 
radian. This method uses real numbers to measure trigonometric 

angles. The angle made at the center by an arc equal to the radius 

of a circle is called a radian. 


11.1 Relation of Angles to Arcs 


s 
If the angle made at the center of a circle of radius r by an arc s is 6, then 9 = sm 
that is, s = r0 


11.2 Relation between degrees and radians 


We know that if a point completes one full rotation on the circumference of a circle of 
radius r, the trigonometric angular distance will be 360° and the distance traversed by 
that point will be equal to the circumference, that is, 2mr. Hence, from the relation of 
arc to angle we get, 
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360° = 2m = 2n radian. Therefore, 


Work in pairs: 
1. Express the angles 30°,45° and 60° in radian. 


2. Express the angles 2E radian and 20 radian in degrees. 


Problem-01: Radius of the Earth is 6440 km. If the positions of Pabna and Sylhet 
make an angle of 2.5° at the center of the Earth, what is the distance from Pabna to 
Sylhet? [a = 3.1416] 

Solution: Here, radius of the Earth, r = 6440 km. 

Angle created at the center of the Earth by the positions of Pabna and Sylhet, 


25 
9=2.5° = on radians. 
So, the distance between Pabna and Sylhet is, 


2.50 = 6440 x 2.5 3.1416 = 281 km. (approx.) 


s =r = 6440 x 180 180 


Problem-02: Suppose the width of your classroom door is 107 cm. The door can’t be 
fully opened because of accommodate one more bench in the class room, but a table is 
needed to insert into the classroom. If the door of the room is opened 
1.4 meter along the perimeter to allow the table to enter the class 
room, what is the angular distance between the door frame and the 
door jamb? 


Solution: If we open the door, it will create a circular arc on the 
floor by the edge of it. Let arc length s, radius r and angle 6 made 
by the width of the floor and door jamb on the floor. 


Then calculate the length and radius of that arc and fill up the table 
below. 


Length of arc s (meter) | Radius of arc r (meter) 
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We know, s = r0 


Or, === a = aaa x = [1 radian = 180° 5 
se a) er 


~ 1.07 3.1416 3.3615 


So, angular distance 75° 


Problem-03: Form a location on the Earth 
the distance of the Moon is 384,400 km and 
the diameter of the Moon creates an angle of 
31” in that position. What is the diameter of the 
Moon? [z= 3.1416] 


Solution: Here, the distance of the Moon from 

that location of the Earth, r = 384,400 km and 

the angle created at that position by the diameter 
31 


fe} 
of the Moon is, 9 = 31’ = (3) = (0.517)° 


Hence, the diameter of the Moon is, s = r0 = 384400 x 


(0.517) x 3.1416 
180 


(0.517) xx 
180 


= 384400 x 


=3468.58 km. (approx.) 


Pair work 


Suppose your school has 10 m. race in its annual 
function. So there are made a circular circle in the 
field. The distance what Wasabi covers in 9 seconds 
in that race makes an angle of 36° at the center(see 
side diagram). 


a) Find the diameter of the circular circle. 


b) How far does Wasabi travel in 5 seconds? 


c) What is the angle subtended at the center by the 
distance he covers in 12 seconds? 


d) Determine the speed of Wasabi. 


e) The distance covered by Piren in 13 seconds in the same race subtends an angle of 
48° at the center. Whose running speed is faster between Wasabi and Piren? 
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Exercise 


. How many seconds equal 5°? 


. Construct the angles 30°, 360°, 380°, —20° and —420° using geometric ruler 


and protractor. 


. Construct the angles 60°, 90°, 180°, 200°, 280°, 750°, —45°, —400° at their 


standard position using geometric ruler and protractor. Determine whether 
these are quadrant angles or quadrantal angles. State which quadrant the 
angles are in. 


. Find the values: cos135°, cot120°, tan390°, sin(-30°), sec300°, csc(-570°) 


. Find the trigonometric ratios of the angles at standard position where 


the points A(2, 3), B(-3, 1), C(-4, -4), DU, -2), and E(-2, 0) are on the 
terminal rays. 


. Express the following points using 7 and tané . 


a. A(3, -2) b. B(-2, -1) c. C(-4, 0) 


. Express in radian: 


a.75°30' b. 45°44'43" ¢, 60°30 15" 


. Express in degrees: 


a. ais radian __b.. 1.3177 radian c. 0.9759 radian 


. Radius of the Earth is 6440 km. If the positions of Teknaf and Tetulia make 


an angle of 10°6'3" at the center of the Earth, what is the distance from Teknaf 
to Tetulia? 


10.Radius of the Earth is 6440 km. Suppose, two satellites are positioned above 


the earth in such a way that they make an angle of 33" with the center of the 
Earth. What is the distance between the two satellites? 
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Measuring Regular and composite solids 


You can learn from this experience- 


Methods of measuring Circumference and Diameter of a Circle 
Understanding Angles 


Methods for measuring Angle’s Vertex, Area of Curved Surface, and Volume of 
Cone 


Methods for measuring Area and Volume of Spheres 
Concept, area, volume of prism and Methods of measuring area 
Methods of measuring area and volume of pyramids 


Concept of formulas for measuring Regular and composite solids and formulaion 
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In the previous class you have learnt about two-dimensional and three-dimensional 
objects. Two-dimensional objects exist in two dimensions, The two dimensions are 
length and width. If a triangle, quadrilateral, pentagon or any polygon is drawn on a 
plane, they lie on the two-dimensional plane. We can only measure their length and 
width. But when another dimension ‘height’ is added to these shapes, three-dimensional 
objects are formed. For example- 


Figure-1: two dimensional objects Figure-2: two dimensional objects 
and height 


Almost all the objects we see in nature 


are three-dimensional objects, that is, they cig 
exist in three dimensions, ie, length, width 
and height. Examples of three-dimensional i | 
objects are people, other animals, plants, 
houses, tall buildings, mountains, etc. Three- TV — 
dimensional objects are called solids. Every 

day we have to work with different types Figure-1: three dimensional objects 

of objects. For example, the educational 

institution you are studing is a solid object, 

the chair or bench you sit in the class is solid object, even the books, notebooks and 
pens you use are also solid objects. It is necessary to determine the exact measurements 


of various necessary solids of daily life in order to make them in the right shape. In this 
experience we will learn about different measurement techniques of regular solids. 


By observing the above pictures, it can be seen that three dimensional objects are 
formed from two dimensional objects. Some solids, that is, cone are formed by sectors. 
So let us first know about arc and sector. 


Measurement of Arc and Sector 


You have previously learned about circles in your earlier 
classes. Additionally, you have also learned how to create 
circles by cutting paper. You have learned the methods of 
measuring the circumference and area of a circle. Now, 
let’s delve a bit further into the topic of circles. 


On the circumference of a circle, take any two points A and 
B. This segment AB is an arc/ circumference of the circle. 
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Therefore, any part of the circumference of a circle is an arc. Let’s consider that the 
radius of the circle is r units, and the angle formed at the center by the arc AB is 0°. 


Furthermore, the measure of an angle formed at the center of a circle is 360°. Arc length 
and the angle at the center of a circle are proportional to each other. That is, 


Arc Length _, (F 
Circumference of Circle 360° 
ArcLength = 0 

2ur 360 


A 


0 : 
“. Arc Length = —— x 2zr unit B 
360 


Sector: : An area formed by two radii of a circle and an arc is called a sector. Let’s 
consider that the radius of the circle is r units, and the sector AOB is formed at the 
center with an angle 0°. 


Furthermore, the measure of an angle formed at the center of a circle is 360°. 


The area of the circular segment and the angle formed at the center are proportional to 
each other. 


Circular Segment Area 
Circle Area 360° 

Circular Segment Area _ 6 
mr? 360 


0 : 
.”. Circular Segment Area = —— X zr? square unit 
360 


Cone 


Today, let’s engage in another interesting activity involving circles. 


Individual Task 


Each of you should cut a piece of paper to create a circle. 
Afterwards, indicate the radius of your respective circles and 
measure the radius using a tape or a ruler. In the eighth grade, 
you’ve learned how to use the radius of a circle to calculate its 
circumference and area. Therefore, measure the circumference 
and area of your circle. Write down the measurements in a 
diagram beside. 
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Radius Circumference Area 


Now, based on your circle, if you wish, cut out a circular 
segment as shown in the diagram. Measure arc length 
of sector. Use your measurement data to complete the 
following table. 


Arc Length Circular Segment Area 


Now, keeping the center of the circular segment exactly aligned with the center of the 
circle, fold the lower part of the paper as shown in the diagram to create a cone-like 
structure which is used for eating jhalmuri (spicy puffed rice) . Wow! With this fantastic 
technique, you’ve just created an everyday object. Can you guess what kind of object 
this is? It’s a three-dimensional object. This means that by cutting a piece of paper from 
a two-dimensional circle and folding it, you’ve crafted a three-dimensional object. 


Can you tell the name of this three-dimensional solid? See if the shape reminds you 
of something like ice cream. Maybe some of you have enjoyed eating this type of ice 
cream. Can you guess the name of that ice cream? You can call that ice cream a "cone 
ice cream." 


The three-dimensional solid you've created by cutting paper is called a "cone" in 
Bangla. So, wouldn't it be great if we could call the ice cream "cone ice cream" in 
Bangla as well? 

Cone: A cone is a three-dimensional solid formed by taking a circular base and 
extending a curved surface from a vertex to the edge of the base. 


As the diameter of the circle assumes the shape 


vertex 
of an angle, the center point of the circle becomes 
the vertex of the angle. Now, measure the <«——-curved 
distance from the vertex to the base of the cone, surface 
specifically, the marked distance. This distance is 
known as the slant height of the cone or the height 2nr circular 
of the slanted surface. Write down the radius of base 
the circular base of the cone and the slant height 
of the cone together in the diagram below. 
Element Names Radius of Circular Base | Length of Slant Height of Cone 


Measurement 
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Is the slant height of the cone equal to the radius of the circular base of the cone, or is it 
somewhat different? Actually, these two distances are equal to each other. 


Notice that the circular segment of the cone is formed by the cone's slanted or curved 
surface. This region is commonly known as the curved surface of the cone or the 
lateral surface. Therefore, it is evident that the area of the circular segment and the 
area of the curved surface of the cone are equal to each other. 


Place the cone that you have created on a piece of paper as shown in the upper diagram 
and mark its outline using a pencil or pen. Now, if you cut 


along the marked outline of the cone, what kind of shape 
can you see? You'll definitely see a circle. Cut the circle CL Sa 
neatly. This circle is referred to as the base of the cone. 


Now measure the radius, circumference and area of this circle using string or scale; 
Then fill the table below. 


Element Name Radius Circumference Area 


Measurement 


Now compare the measurement of the circumference with the length of the arc of the 
circle. Notice that the measurements of the lengths are almost equal or approximately 
the same. In fact, the measurements are mutually equal. Then, if we examine the 
measurements that we obtained through the test, 


1. Radius of the circle = slanted height of angle 
2. Area of the circle = area of curved surface of angle 


3. Length of the arc of the circle = Arc length of the angle - Circumference of the circle 


Mathematical Formulation 


So far, we have performed measurements using a ruler or scale. However, it’s not 
always feasible to spend so much time on these measurements. Moreover, such 
measurements may not always guarantee accurate results. For precise measurements, 
we need mathematical formulas. Let’s work on creating mathematical formulas for 
these calculations. 


Individual task 


Each of you, cut a piece of paper and create a circle again. Let’s assume the radius of 
your circle is / units. So, the circumference of this circle is 2z/ units and the area is 1? 
square units. Now, divide this circle into four equal parts. Next, cut one of the parts and 
keep it aside. 
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en 


Again, fold the paper to create a cone. 


Area of Cone Sector Calculation 


Let’s calculate the area of the cone sector. 
Place the angle you’ve created on a piece of \, 
paper. Mark the area covered by the angle’s \ 
sector by using a pencil or pen. Remember, 
the radius of the circle related to your angle A 
is r unit. Thus, the area of this circle’s sector 
is mr square unit. 
: se 


So, the area of the cone sector is zr? square 
units. 


Curved surface area of cone 


Now, let’s determine the area of the curved surface of the cone. The radius of the circle 
you’ve drawn is r units. Consequently, the circumference of this circle is 2rz units. 


Do you remember the relationship between the 
circumferences of the smaller and larger circles? 
Think about it. When you cut a circle sector from the 
larger circle to create your cone, the curved length of 
that sector matches the circumference of the larger 
circle. This is because the end point of that sector 
creates the circumference of the smaller circle. 


\N 


.. The circumference of the Inscribed Circle = The 
Arc Length of the Circumference of the Larger 
Circle. 
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Again, the radius of the larger circle / = the inclined height of the corner /. 


Again, since the circumference of this circle is 2zr units, the length of the arc of the 
larger circle is also 2zr units. 


Moreover, the area of this inscribed circle is equal to the area of the sector formed by 
the obtuse angle; because creating cone involves rotating the sector itself. Therefore, if 
we can calculate the area of this inscribed circle, we can also determine the area of the 
sector formed by the obtuse angle. 


We already have the following information: the circumference of the larger circle is 2z/ 
units and its area is z/’ square units. SO We can write, 


If the circumference of the larger circle is 27/ units, the area = zP square unit 
2 

.. If circumference of larger circle is 1 unit then area = ue square unit 

7 


oT ; nl? 
.. If the circumference of the larger circle is 2zr unit, then area = Fal x 2ar square unit 
7 


— all . 
= x r Square unit 


= ari square unit 
.. For circumference of the larger circle 2zr units, area of incircle is zr/ square units. 
Now, area of curved surface of cone = area of circle 

= marl square unit 


.. When the radius of the cone is r units and the slant height is / units, the surface 
area of the cone = zv/ square units. 


2nd Method 


What you already know is this: the circumference of the larger circle is 2z/ units, and 
the length of the arc of the circle is 2zr units. 


185 


Academic year 2024 


Academic year 2024 


Measuring Regular and composite solids 
Now, do you remember, there’s an interesting relationship between the circumference 
of the larger circle and the length of the arc of the circle? In other words, there’s a 
fascinating connection between 2z/ and 2ar? 


Actually, the length of the arc of a circle is one- 
fourth of the circumference of the larger circle. In 
other words, 


.. One-fourth of the circumference of the larger 
circle = Length of the arc of the circle 


- 2al 5 

- a < 
o, 4 =r 

7 4 

STA (1) 2ar 


Again, can you say if there is a relationship between the area of the larger circle, z/’, 
and the area of the sector of a circle? In other words, what relationship exists between 
xP and the area of the sector of the circle? 


Actually, the area of the sector of a circle = One-fourth of the area of the larger circle. 


1 2 
a square units 


al.1 ; 
7 square units 


1.4 ‘ ni ail ’ 
= a square units [Substituting | = 4r from equation (1)] 
.. Area of the sector of a circle = zr/ square units 
Now, 


Area of the segment of the cone = Area of the sector of the circle 


3rd Method 


Let us learn another method of finding the area of a curved surface of a cone. 


= arl square units 


Step 1: Consider any cone. Imagine that this cone is formed by an arc on a circle 
with a radius of r units and a length of the inclined plane of / units. Therefore, the 
circumference of this angle is 2zr units. 
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l 
AAW 
2ar (ae 


Step 2: Cut the cone carefully following the instruction in the diagram and place it ona 
piece of paper or on a flat surface. If you observe closely, you’ll notice that the curved 
side of the angle forms a circular segment. The center of this circular segment is the 
vertex of the angle, the radius of the inclined plane of the angle is / units and the length 
of the arc is 2zr units of the perimeter of the angle. 


Using a ruler, measure the radius of the circular segment. Then, determine the area of 
the circular segment and complete the table below 


Area of Circular Segment 


Measurement 


The area of this circular segment is, in fact, the area of the sector formed by the angle. 
However, we aim to establish a mathematical formula. 


Step 3: Using the center and radius / let us finish drawing the circle associated with the 
circular segment. Consequently, the circumference of the constructed circle is 2z/ units, 
and the area is z/’ square units. 


Step 4: The area of a circular segment is proportional to the area of the corresponding 
sector of the circle’s circumference. Therefore, 


Area of Circular Segment _ __- ee 
—————_ —__ Total Circle Circumference 
Total Circle Area (Circumference) 
Area of Circular Segment 2ar 
or, — = — 
a? 2al 
Or, Area of Circular Segment = x al 
2m 


Or, Area of Circular Segment = a hat 
l 


Or, Area of Circular Segment = zrl 


.. Or, Area of Circular Segment = zr/ square units 
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Now, area of curved surface of cone = area of circular segment 


.. Area of curved surface of cone = ar/ square unit. 


.. If the radius of the base of the cone is 7 units and the slant height is / units, 


.. Area of the curved surface of cone = ar/ square unit 


Height of the cone 


The height of the cone is the length of the perpendicular 
drawn from the apex of the cone to the base. 


Notice that when you have a cone with the radius of the base 
as r, height as A, and the slant height as /, a right triangle is 
formed. Can you tell what type of triangle is this? 


Individual task 


Analyzing the triangle beside, complete the 2" row of 
the following diagram: 


Triangle Value of angle | randh | name |The relationship beta oF 
the theorem 
1 | Name Based | created byr and |arenames| of / between r, h 
: : : related to 
on Angle h of sides side and / sides : 
triangle 


You must have understood, a right triangle is formed by radius 7, height 4 and length / 
of slanted plane with hypotenuse /. So, according to the Pythagorean theorem, 


P= +h? 
fa (Pte 
.psyrae 
Then, the area of the curved surface of the angle = zr/ square unit 


=aryth’ square unit 


Mathematics 
Surface area of cone 


The total surface area of an angle is the sum of the surface area of the angle and the area 
of the curved surface of the angle. 


So, 
Total surface area of angle = surface area of angle + area of curved surface of angle 
= (zr? + arl) square unit 
= ar(r + 1) square unit 
=r (r+ (rth ) square unit 
another way, Total surface area of angle = (zr? + zr) square unit 
= ar + + (2zr)/ square unit 


= surface area + + x perimeter of base X slant height 


.. If the ground radius of the cone is r unit, height, A unit and slant height, / unit, 


total surface area of the angle will be, = zr (7 + /) square unit 


=ar(r+r?+h? ) square unit 


Problem 1: On the birthday of one of your friends, you want to give him or her gift a hat 
made of paper having a height of 35 cm. Measuring the circumference of your friend’s 
head with a thread, you get 48 cm. How much paper do you need to make the hat? 


Problem 2: Some of your school friends participated in a science fair together. You 
want to build a cone shaped tent of 5 metres height with poles in the middle to store all 
your belongings. If this tent covers 150 square meters of land, how much fabric will be 
required for the tent? If the price of cloth is 160 taka per square metre, how much will 
the total cost be? 


Volume of cone 


You have already learned how to create a cone by cutting papers and have studied 
cylinders in detail in previous classes. Let’s try to explore more with hands-on activities. 


Group work 


Using sturdy paper, cardboard, or plastic board that can be easily bent, create a cylinder 
and a cone in such a way that the heights of both remain equal or the same. Seal the 
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bottom of the cylinder with cardboard, leaving the top open, and keep the base of the 
cone open so that something can be kept inside. 


Similarly, keep the base of the cone open so that something can be placed inside it as 
well. Create an arrangement that mirrors the illustration provided. 


To find out if your constructed cone and cylinder are made correctly, place the cone 
inside the cylinder as shown in the last illustration. Check if the base radius and height 
of both the cone and cylinder are equal or the same. If there are any errors in the 
construction, make the necessary adjustments. Once everything is in order, your cone 
and cylinder have been successfully created. 


Our wait is now over. Let’s proceed to the exciting main part! 


First, hold the cone as if you’re having spicy puffed rice or an ice cream cone. Then, fill 
the cone with some rice, flour, or any other materials in a way that the base of the cone 
becomes flat due to the material inside. Then, place the elements of that cone inside the 
empty cylinder. You’ ll notice that some part of the cylinder gets filled. 


Similarly, for the second time, fill the empty cone with the same material and place it 
inside the same cylinder. You’ ll see that most of the cylinder gets filled. 


Now, for the third time, when you fill the empty cone with the same material and place 
it inside the same cylinder, what do you see? The cylinder becomes completely filled 
from top to bottom. 


Isn’t it fun? With the three cone-shaped materials, you’ve successfully filled the entire 
cylinder to the brim. 


You can also try the above experiment with water or any other liquid substance. 


For example, using a readily available water-resistant plastic bag, create a cone and a 
cylinder in such a way that the cone and the cylinder are positioned to allow water or 
any liquid substance to be poured in without leaking. Then, following the same steps 
like before, pour water or any liquid substance into the cone and place it inside the 
cylinder. You will see that the liquid remains inside the cylinder and cannot escape. 
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Likewise, repeat the procedure using the same plastic bag. Fill the empty cone with the 
same liquid substance and place it inside the same cylinder. You will notice that most 
of the cylinder gets filled to the brim. 


Furthermore, you can also verify inversely that three cone-shaped containers can be 
filled by a single cylinder of the same substance. 


Therefore, the volume of the 3 cone-shaped containers = Volume of Icylinder 


As we have learned in previous classes, when the base radius of a cylinder is denoted 
as r and its height is denoted as h and volume = zr’h cubic units. 


Therefore, the volume of the 3 cone-shaped containers = zr7h cubic units. 


“. Volume of 1 cone = Sah cubic units 


.. If the base radius of a cone is denoted as r units and its height is denoted as h 
units, then:, 


Volume of the cone = sah cubic units = = x (area of base x height) cubic units. 


Problem 3: On your birthday, you’ve invited six friends to your house for a special 
home-made ice cream treat. The ice cream cone has a base radius of 6 cm and a height 
of 15 cm. Along with your friends, both you and your mother also want to enjoy an ice 
cream cone. Your mother does not know how much ice cream needs to be prepared. 
Can you figure out the amount of ice cream that needs to be made? Can you measure it 
in advance and let your mother know? 


Sphere 


You have learned about spheres in the eighth grade. You have also learned to create a 
circle by cutting paper. Can you name the objects below? Surely you can name these. 
Because we use these objects in our everyday life regularly. Among these, one might 
be a sports equipment, another might be a fruit, and yet another might be a type of 
vegetable. 


Se@2 & 
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Names of Several Types of Balls: Tennis Ball, Cricket Ball, Football, Basketball 


Several Round-shaped Fruits: Guava, Mandarin Orange, Apple, Sweet Orange 
Several Round-shaped Vegetables/Fruits: Sweet Pumpkin 

Round-shaped Toys: Ball 

Item Used for Drawing/Writing with a Round Shape: Compass 


Write a few more names of items with such a round shape in the following list. 


Wood apple 


Can you tell what kind of objects with a round shape we use in our daily life? All 
of these are three-dimensional solids. Can you also tell what these three-dimensional 
solids are called in the language of mathematics? Objects of this type are called spheres 
in mathematical terms. 


Sphere: When a circle is rotated about its fixed diameter, the three-dimensional object 
formed by the rotation is called a sphere. In three-dimensional geometry, a sphere is a 
perfectly symmetrical solid in the shape of a round ball. 


When we consume fruits or vegetables of spherical shape, we often don’t need to know 
the exact dimensions of their skin or peel. However, when we create objects like a 
soccer ball, we need to be aware of the dimensions of its surface, which includes the 
skin or related materials. Therefore, knowing the surface area of materials like leather 
or similar substances becomes crucial when crafting items like soccer balls. In our daily 
lives, having a good understanding of the surface area of such three-dimensional objects 
is essential for effective management of our regular life. Let’s learn the techniques to 
determine the surface area of real-life objects and spheres that we commonly use. 


Surface area of sphere 


Group Work 


Step 1: Take a spherical object like 
a plastic tennis ball. 


Step 2: Cut the ball exactly in the 
middle, creating two hemispheres 
as shown in the diagram. You will 
notice that the shape of the two 
hemispheres corresponds to the 
shape of a sphere. 
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Step 3: Take any hemisphere and place its cut side up or down on a piece of paper; 
Then mark around the hemisphere with a pencil or pen on the notebook. Then lift the 
hemisphere off the paper. 


What do you see? Can you recognize the picture on the paper? Tell me what the picture 
is. Yes, it is an image of a circle. 


Step 4: Carefully cut the circle using scissors. Then measure the radius of the circle. 
Finally, measure the area of the circle and complete the table below. 


Name of elements Radius Surface area 


Measurement 


On another piece of paper, cut out another circle of the same 
measurement of the circle that you have obtained by cutting 
one. Then cut the two circles conveniently into small pieces 
and paste them on the hemisphere. You will see, the whole 
hemisphere is covered by two pieces of paper and no piece 
of paper is left. Then it is seen that the surface area of the 
hemisphere is equal to the sum of the areas of the two 
circles. Therefore, you can conclude that the surface area of 
the full sphere is the sum of the surface areas of four such 
circle segments. 


Measure the sum of the areas of four circles by looking at the area of a circle from the 
table; Then fill the table below. 


Area of two Area of four Surface area of hemisphere | Area of sphere 
circles circles 


However, you can find the area of the sphere practically. 
Let us now try to find the mathematical formula for the area of a sphere. 


Assume that the circle you cut has radius 7 units. Then you understand, the radius of 
the sphere is also r unit. 


You learned in the previous class that a circle whose radius is r units has an area of zr? 
square units. Then the area of your inscribed circle is also zr square units. 
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Now we can say, 


Surface area of hemisphere = sum of area of two circles. 


It can be shown with the help of the figure below 


Surface area of hemisphere = (a7? + zr’) square units 
= 2zr’ square units 
Now, area of a solid sphere = sum of surface areas of two hemispheres 


It can be shown in the figure below: 


Area of the sphere = (2zr? + 27’) square units 


= Arr’ square units 


.. If the radius of the sphere is r unit, the area of the sphere is = 4zr? square unit. 
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Problem 1: To test how day and night occurs, you want to make a 16 cm diameter 
globe out of thin plastic paper. If the price of plastic paper is five taka per square cm, 
how much money will you spend to buy plastic paper to make the globe? 


Problem 2: The diameter of an ideal hemisphere is 10 cm. Find the curved surface 
or surface area, total surface area and volume of the hemisphere. If it costs 2 taka per 
square centimetre to paint the entire hemisphere, how much money is required in total? 


Volume of sphere 


When we eat guava or apple in our daily life, we all know that a large guava or apple 
has more nutrients than a small guava or apple has. But if it is asked how much food 
ingredients one guava or apple contains exactly, we cannot say exactly. To know the 
exact amount of ingredients in that guava or apple, it is necessary to determine the 
volume. 


Suppose you want to build a spherical aquarium at home. You want to fill two-thirds 
of your aquarium with water and one-third with air. You still need to determine the 
volume of your aquarium. 


Again, to know how much space should be kept vacant in a football, it is also necessary 
to know the volume of the football. 


Some of the daily life problems as discussed above are all about spheres and the volume 
of spheres. So we need to know how to calculate the volume of a sphere. Let us learn 
the technique of finding the volume of a sphere. 


Group work 


Collect one plastic toy ball in each group on your own initiative. The ball shall be such 
that water can be inserted into or withdrawn from it. Then measure the radius of the 
ball and record it in your notebook. You have already learned how to make cone. Now 
construct an angle in such a way that the radius of the base of the angle is equal to the 
radius of the ball. Moreover, care should be taken that the height of the cone is equal to 
the diameter of the ball. Make the cone Waterproof with readily available polythene or 
any other material to allow water to pour into it. 
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Correct any construction errors if there are. Then your cone and balls are ready. 
Our wait is over. Now let’s get to the main part of the fun. 


First make sure that the cone is filled with water. Then fill the cone with water and pour it 
into the empty ball. If the ball is transparent, you can see that the ball is roughly half full. 


Similarly fill the empty cone a second time with water and pour it into the ball. 
What do you notice? The ball is full to the brim. 

What a fun, right? A ball is filled with two cones of water. 

You can also do the above test with juice or any other liquid. 


Again, you can check in a reverse way; A ball full of water can fill two such cones with 
water and no water remains in the ball. 


So, we were able to prove practically that the capacity of a sphere is equal to the 
capacity of two cones if the radius of the base of the cone is equal to the radius of the 
sphere and the height of the cone is equal to the diameter of the sphere. 


So, volume of 1 sphere = volume of 2 cones 


As we have learned in previous sessions, if the base radius of a corner is 7 units and 


er ; 1 ee 
height is / units, volume = — zr*h cubic units. 


2 . : 
Therefore, volume of 2 cones = — ar’h cubic units 


Volume of 1 sphere = volume of 2 cones 


. Volume of 1 sphere = Sar cubic units 
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or, Volume of 1 sphere = = mr’.2r cube unitss [Here h = 27] 


4 , 
. Volume of | sphere = z mr> cube units 


ee ; “ 
.. If the radius of the sphere is unit r unit , the volume of the sphere = a mr cube units 


Problem 3: A hollow iron sphere has outer radius 8 cm and thickness of iron 3 cm. 
What is the volume of the hollow part of the sphere? Moreover, a pure sphere was made 
from the iron used in that sphere. If it costs Rs 1.75 per square centimeter to paint a 
solid sphere, how much will be the total cost? 


Problem 4: Three solid plastic balls of radii 5 cm, 7 cm and 11 cm are melted to form 
a new solid ball. Find the surface area of the new ball. 


Prism 


We use so many things in our daily life. The items below are also not exceptions. 
Several pieces of furniture, tables, and so on are visible here. The last item, again, is 
used by many people as a tool. People in the city also use this last item for fish farming 
or breeding inside their homes as a hobby. Its name is an aquarium. So whatever the 
case, all of these are individual objects. There are so many other things of this kind that 


we use every day. 


Ba 
ny, 


Can you also make a list of a few more items or solid objects of this type? However, 
the specific characteristic of the objects given above is that each of them has the same 
top and bottom surfaces. In mathematical terms, they are called congruent. Moreover, 
the top and bottom surfaces are also parallel to each other. The lateral surfaces are 
rectangular or parallelogram in shape. In mathematical language, these types of solid 
objects are called prisms. 
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Prism: A solid object with two congruent and parallel polygonal bases, and lateral 
faces that are parallelograms, is called a prism. The two opposite, congruent, and 
parallel bases of a prism are referred to as the bases of the prism. The other faces of 
the prism, excluding the bases, are called the lateral faces of the prism. When the lateral 
faces of the prism are rectangular, the prism is called a right prism or upright prism. 
On the other hand, if the lateral faces of the prism are not rectangular but have other 
shapes, the prism is called an oblique prism or slant prism. 


A prism is named on the basis of the shape of its base on the ground. For example, if 
the base of a prism is triangular in shape, it is called a triangular prism. Likewise, if the 
base of a prism is quadrilateral in shape, it is called a quadrilateral prism. If the base of 
a prism is pentagonal in shape, it is called a pentagonal prism, and so on. 


Can you tell what type of prisms the above objects are? Based on the images above, 
identify the type of prism each object is according to the shape of its base on the ground 
and complete the following table. 


Object no. 1* object 2"4 object 3" object 4" object 


Type of prism | Rectangular 
Prism 


If the base of a prism is not of polygonal shape, but the lengths of its lateral edges are 
equal, then it’s called a right prism. In other words, when the lateral sides of the prism 
are equilateral polygons or regular polygons, it is known as a right prism. On the other 
hand, if the base of the prism is not an equilateral polygon, it i’s called an oblique 
prism. Another name for a right prism is a regular prism. In fact, right prism is more 
commonly known as regular prism. Irregular prism refers to a prism where the base is 
not an equilateral polygon. 


The distance between the center of a prism’s base is called the height of the prism. 


So, when analyzing the characteristics of a prism, it can be observed that rectangular 
solids and cubes are each a type of prism. Can you now identify what type of prism a 
rectangular solid and a rectangular cube are? Combine your concepts about prisms and 
complete the table by putting tick mark || appropriately. 


Right Prism Oblique/ Regular/ Irregular/Non- 


Skewed Prism | Uniform Prism) uniform Prism 


Rectangular solids 


Cube 
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Surface Area of Prism 


Now let us try to calculate the surface area of a prism. A prism has two bases and 
several lateral faces. The surface area of these bases and lateral faces add up to the total 
surface area of the prism. 


.. Therefore, the total surface area of the prism = Surface area of two bases + Surface 
area of lateral faces. 
First, let’s create the formula for the surface area of a triangular 


prism. This triangular prism has two bases and three lateral 
faces. Each of these lateral faces is a rectangle. 


Therefore, the total surface area of this prism will be equal to 
the sum of the area of the two bases and the combined area of 
the three rectangular lateral faces. 


.. Total surface area of the prism = 2* (area of the base.) + 
combined area of the three rectangular lateral faces. 


= 2x (area of the base) + (ax h+bxh+cxh) 
= 2x (area of the base) +(a+b+c)xh 


= {2x (area of the base) + perimeter of the basex height} square unit 


Now let us find out the formula for the surface area of a pentagonal prism. This 
pentagonal prism has two congruent pentagonal bases and five lateral faces. Each of 


these lateral faces is a rectangle. 
.. Total surface area of the prism = 2 x (base area) + Sum of the Cg 
areas of five rectangular lateral faces. 


h 
= 2x (area of the base) + (a xh+bxh+cxh+dxh+t+exh) 
= 2x (area of the base) + (a+b+c+d+e)xh 
= {2x (area of the base) + perimeter of the base x height} square 


unit a 


.. Total surface area of the prism = {2* (area of the base) + perimeter of the base x 
height } square unit 


Now, if the base of the prism is a regular polygon, meaning that each side of the base 
polygon has equal length, 
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.. Total surface area of the prism = 2 (area of the base) + (a+b+c+d+t+e)xh 
= 2x (area of the base) + (at+at+atat+a)xh 
= 2 (area of the base) + (Sa x h) 
= 2x (area of the base) + (Number of sides x Length of each side x Height) square units 


So, for a regular prism, if the base is a regular polygon with n sides and each side of the 
base has a length of a, 


*. Total surface area of the prism = 2x (area of the base) + (ma =< h) square units 


= 2x (area of the base) + (Number of sides x Length of each side x Height) square units 


.. So, for a regular prism, if the base is a regular polygon with n sides and each side 
of the base has a length of a, 


.. Total surface area of the prism = 2 (area of the base) + (na x h) square units 


= 2 (area of the base) + (Number of sides x Length of each side x Height) square units 


Area of a Regular Polygon 


We have learned to determine the areas of triangles and quadrilaterals in previous 
classes. However, we also need to know how to calculate the area of a polygon with 
more than four sides, such as a pentagon, hexagon, heptagon, octagon, or any polygon 
with more sides. Let us learn how to calculate the area of any regular polygon. 


Think of a convex polygon with an n a a A 
numbered sides A, A, A, A, A,... ...A, 

where O is the center, and ‘each side has a 
length of a. When you add the center and A 
the vertices of a convex polygon with ‘n’ 

sides, you create ‘n’ congruent isosceles 
triangles with equal sides. Therefore, each a 
of these small triangles has two sides that 

are equal in length. The center ofaconvex A 
polygon refers to the center of its incircle. m 


5 


Due to the equal length of all sides in a 
convex polygon, the angles of the polygon 
are also equal to each other. Therefore, in a 1 
convex polygon with n sides, the number 

of angles will also be n. 
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First, let’s calculate the area of any triangle, such as AOA _A.,. The height of AOA _A, is 
OP =hand ZOA, A= 0 


fA AA = LOA A + ZOA A. 
=0+86 
= 26 
Therefore, in a convex polygon, the measure of each interior angle is 20. 


.. In a convex polygon with ‘n’ sides, the sum of the measures of the interior angles is 


nx 20 = 2n6. 
Again, the measure of the angle formed at the center of a convex polygon is 360°. 


Then, the sum of the measures of n interior angles and the angles formed at the center 
= 2n6 + 360°. 


Besides, the sum of the three angles, AOA A, is 180°. 
.. The sum of the interior angles of n triangles = nx180°. 


Now, the sum of the measures of n interior angles and the angles formed at the center 
= the sum of the measures of the interior angles of x triangles. 


“. 2n8 + 360° =n x 180° 
or, 2n@ = nx 180° - 360° 


n X 180° - 360° 


or, 0= 
2n 
n X 180° 360° 
or, 9= ———— - 
2n 2n 
180° 
“. A= 90°- — 
nN 
OP 2h 
Now, tan@ = —— = ed [since, PA, = PA, = = ] 
PA, g a 2 2 
2h 
or, tand = — 
a 
or, 2h = a tand 
a 
Lh= > tand 
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Now, the area of, AOA,A, = I xbasexheight) square units 


=> XA, xh 

-ta.5 tand [as h= > tand | 
= © tan(90° - =) [as 0 = 90°- — 
=© cot( ~) [as tan(90° - a) = cota ] 


Area of a polygon A, A, A, A, A,... A, = x AOA_A, 


= ME got (180%) 


.. The area of a convex polygon with n number of sides, each with a length a 


2 ° 
na ait (= 


4 ) square units 


Problem 1: the lengths of the base edges of a triangular prism, are respectively 7 cm, 
8 cm, and 10 cm, and the height is 17 cm. Determine the total surface area of the prism. 


Problem 2: The lengths of each base edge of a regular pentagonal prism are 3.5 m, 
and the height of the prism is 12 m. Calculate the lateral surface area of the prism and 
its total surface area. 


Volume of prism 


The volume of a solid is an interesting concept. When analyzing various types of solids, 
it can be observed that those with uniform perimeters, meaning that they have the same 
circumference on all sides, possess an interesting property. Such solids’ volumes can 
be obtained by multiplying their base area by their height. For instance, rectangular 
solids, cubes, cylinders, etc. fall into this category. A prism is also a type of solid with a 
uniform perimeter, where the base has the same circumference on all sides. Therefore, 
for a prism as well, its volume can be determined by multiplying its base area by its 
height. 


.. Volume of the prism = (Base area x Height) cubic units 


.. Volume of the prism = (Base area x Height) cubic units 
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Problem 3: The lengths of the base edges of a triangular prism are 5 cm, 12 cm, and 
13 cm, and the height is 41 cm. Determine the total surface area and the volume of the 
prism. 


Problem 4: A regular quadrilateral prism has each base edge measuring 12 cm, and 
the height of the prism pole is 17 m. Calculate the total surface area and the volume of 


the prism pole. 


Problem 5: In the diagram, the lengths of the 
diagonals of an irregular vertical quadrilateral prism 
are given in meters. Determine the total surface area 
and the volume of the prism. 


Problem 6: In the following regular prism-shaped 
aquarium, each base edge measures 15 cm, and the 
height is 18 cm. If it costs 20 taka per square 
centimeter to paint the outside of the aquarium, how 
much money will be needed in total? Again, if the 
aquarium is to be filled with colored water at a cost 
of 15 taka per cubic centimeter, how much money 
will be needed in total? 


Pyramid 


All of us are familiar with the secrets of ancient Egyptian pyramids In our personal 
and social lives, we use so many things every day. The image depicts a few everyday 
objects. Can you tell what they are used for? You can see a slice of watermelon in the 
first image. We usually cut watermelons like this before we eat. You can see a tent in 
the second image. Usually, for a short time stay, we create a temporary house using 
materials like bamboo, wood, or thick fabric. 
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What is seen in the third image is used to denote causation or caution. For example, 
people are alerted as the place is wet and slippery. And in the fourth figure, the specific 
location on the road is marked with a prohibition sign, meaning it is forbidden to use. 
However, they are all solids. In this way, there are many such things that we use in our 
daily lives. 


However, a special characteristic of the objects presented above is that the base of each 
object is a triangle, quadrilateral, or any other polygon. And each of the lateral surfaces 
is triangular. Additionally, these lateral surfaces converge at a single vertex. Can you 
tell the name of this type of solid? The name of this type of solid is a pyramid. 


Can you create a list of a few more names of objects or solids of this type? Combine 
your concepts and write a list of a few more objects’ names similar to the images above. 


Serial no. 1 - 3 4 


Name of object 


Pyramid: A pyramid is a three-dimensional solid located above a polygonal base. The 
lateral faces of a pyramid converge at a single vertex. However, the base of a pyramid 
can be of any polygonal shape, and its lateral faces 

can be of any triangular shape. 


A pyramid is called a “regular pyramid” or 
“symmetrical pyramid” if its base is an equilateral 
polygon and all its lateral faces are congruent 
triangles. Regular pyramids are particularly 


visually pleasing. 


If the base of a pyramid is not an equilateral polygon 
and its lateral faces are not congruent triangles, it 
is referred to as an “irregular pyramid” or 
“asymmetrical pyramid.” 


If a perpendicular drawn from the apex of a 
pyramid to its base meets the base at the center, 
it is called a right pyramid. The center of the 
base is referred to as the incenter of the base 
polygon. The point where the hypotenuses of a 
regular pyramid intersect is called the incenter. 
A regular pyramid can be considered a type of 
right pyramid. 
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If a perpendicular drawn from the apex of a pyramid to its base does not meet the base 
at its center, it is called an oblique pyramid. 


Apex of the Pyramid: The point where the lateral faces 
of the pyramid converge at a common point is called the 
apex of the pyramid. 


Base of the Pyramid: The plane figure on which the 
pyramid is situated is referred to as the base of the 
pyramid. The base of the pyramid can take the shape of 


any polygon. 


Height of the Pyramid: The length of the perpendicular drawn from the apex of the 
pyramid to the base is known as the height of the pyramid. 


Slant Height of the Pyramid: The length of the perpendicular drawn from the apex of 
the pyramid to a lateral face’s base is called the slant height of the pyramid. 


Pyramid’s Apothem: The line segment connecting the apex of the pyramid and any 
angular point on the base of the pyramid is called the pyramid’s apothem. 


In any pyramid, the number of sides in the base polygon is equal to the number of 
lateral faces. However, the number of edges in the apothem is twice the number of sides 
in the base polygon or the number of lateral faces. 

So, by analyzing a pyramid, the following elements can be found: 

* One apex/vertex 

* One polygonal base 

¢ At least three or more triangular lateral faces 


Area of pyramid 


Now, let us try to calculate the surface area of a pyramid. The sum of the base and the 
surface areas of the lateral faces constitutes the total surface area of the pyramid. 
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Area of base 


The area of the base on which a pyramid stands is 
the area of the pyramid. If the base of the pyramid 
is triangular, quadrangular, pentagonal or any other 
polygon, its area must be determined first. 


Lateral surface area 


The lateral faces of a pyramid are triangular. Let 
us assume the length of the base sides of this 
quadrangular pyramid is a, b,c, d units respectively 
and the slant height is s units. It’s important to note 
that the height of each triangle is the slant height. 


i 1 1 
.. Lateral surface area of the pyramid = > axst a bxst+ = cx y+ es dxs 


=Tlatbtetdxs 


= > (Base Perimeter < Slant Height) square units 


This formula for the lateral surface area of a pyramid is applicable to all pyramids 


1 
.. Lateral surface area of a pyramid = Bi (Base Perimeter x Slant Height) square units 


.. Total surface area of the pyramid = Base area + Areas of lateral faces 


.. Total surface area of the pyramid = Base area + a (Base perimeter = Slant 
height) square units - 


: 1 : 
.. Total surface area of the pyramid = Base area + — (Base perimeter x Slant 
height) square units 2 
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Problem 1: The lengths of the base’s sides of a triangular pyramid are 3 cm, 4 cm, and 
5 cm respectively, and the height is 13 cm. Determine the total surface area of 
the pyramid. 


Problem 2: In a right hexagonal pyramid similar to a minaret, each side of the base 
measures 4.8 m, and the height of the minaret is 15 m. Calculate the lateral surface area 
and the total surface area of the minaret. 


Volume of pyramid 
The volume of a pyramid can be obtained by multiplying the base area of the pyramid 
by its height and then dividing the result by 3 


1 ; bth 
. Volume of the pyramid = rs (Base area x Height) cubic units. 


Problem 3: Consider a triangular pyramid with base sides of lengths 28 cm, 45 cm, 
and 53 cm, and a height of 62 cm. Determine the total surface area and volume of this 
pyramid. 


Problem 4: In a smooth octagonal pyramid, each base side has a length of 23 cm, and 


the height of the pyramid is 3.7 meters. Calculate the total surface area and volume of 
the pyramid. 
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Exercise 


. 1. A 12 cm long rectangular carrot tip has a 


diameter of 2.5 cm. To eat the carrot, you 

peel the carrot. What is the area of all the > ——— 
shells? Determine the nutritional content of 

the carrot. 


. As shown in the picture, the total surface area of a cuboid made of plastic found on 


the road is 1256.64 square cm, and the slant height is 26 cm. A 


(i) If it costs 1.50 taka per square centimeter to paint the curved surface 
of the cuboid with red color, how much will it cost in total? = 


(ii) How much plastic is there in the cuboid? aa 


. Aplastic solid sphere has a radius of 6 cm. If the sphere is melted into 


a hollow sphere of radius 7 cm, find the plastic density of the hollow sphere. 


. The radii of four perfect spheres are 3 cm, 8 cm, 13 cm and r cm respectively. What is 


the value of r if four spheres are melted to form a new solid sphere of radius 14 cm? 


. An equilateral heptagonal prism shaped aquarium has each side of length 25 cm and 


height 1 m. If it costs 2 taka per square centimeter to cover the lateral surface of the 
aquarium with glass, how much will it cost in total? How many liters of water will be 
required to fill three-fourths of the aquarium, given that 1000 cubic centimeters = | liter? 


is 5 cm and the sides are square. 
(i) Measure the surface area of the prism. 


(ii) What is the curved surface area of the prism? 


(iii) Determine the volume of the prism. 


. Atent is constructed on a square ground of length 8 V2 m by placing a pole of V66 


high right in the middle. 
(i) Determine the length of the diagonal of the prism. 


(ii) How much money needs to be spent to purchase 
fabric at the rate of 200 taka per square meter? 
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(iii) Calculate the volume of the empty space inside the prism. 
. Apyramid with a base of a square of side 6 meters and a slant height of V67 meters 
is situated on the square land. 
(1) Determine the height of the pyramid. 
(ii) What is the total surface area of the pyramid? 


(iii) Calculate the volume of the pyramid. 


. The given solid in the figure has a base with a radius of 4 meters in the lower part 
and a height of 5 meters. The sloping height in the upper part is 


3 meters. 


(i) If it costs 450 taka per square meter to paint the curved surface 
of the solid in the lower part, how much will it cost in total? 


(ii) What is the total surface area of the solid? 


(iii) Determine the volume of the solid. 


10. The solid given in the figure is placed on a rectangular base with dimensions of 


length 6 meters and width 4 meters. The height of the lower part is 7 meters. The 
length of the diagonal in the upper part is 7.5 meters. 


(i) If it costs 2250 taka per square meter to apply iron sheets 
on the lateral surface of the lower part of the solid, how 
much will it cost in total? 

(ii) Determine the lateral surface area of the upper part of the 
solid. 


(iii) Determine the volume of the solid. 


11. The solid given in the figure has a base radius of 10 centimeters and a height of 16 


centimeters in the lower part. 
(i) What is the height of the geometric solid? 


(11) Determine the surface area of the upper part of the 
geometric solid. 


(111) Calculate the total surface area of the geometric solid. 


(iv) Determine the volume of the geometric solid. 
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12. Notice the geometric solid shown in the figure carefully. 
(1) What is the length of the inclined base of the solid? 10cm 


(11) Determine the surface area of the upper part of the 
geometric solid. 


(111) Determine the total surface area of the geometric 
solid. 


(iv) Determine the volume of the geometric solid. 


13. Notice the geometric solid shown in the figure carefully. 


(1) Determine the surface area of the upper part of the 
geometric solid. 


(11) Determine the height of the solid. 


(iv) Determine the total surface area of the geometric solid. 


(v) Determine the volume of the geometric solid. 


14. In the figure, a hemisphere and a cone are placed accurately inside a cylinder. 
(1) Calculate the lateral surface area of the cone. 
(11) Find the area of the curved surface of the hemisphere. 


(111) Determine the volume of the hollow part inside the 
cylinder. 


(iv) What is the ratio of the volumes of the hemisphere, the 
cone, and the cylinder? 
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Measures of Dispersion 


You can learn from this experience- 


Prior experience and its reflection 

Necessity of measures of dispersion in objective decision making 
Types of measures of dispersion 

Measuring different types of dispersion 


Which kind of measurement is more reliable in individual decision making 
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Measures of Dispersion 


You have already come to know that statistics works with the data collected for its own 
definite purposes. We take decisions based on the analyses and explanations of the 
collected data. In the previous class, you have known about the graphical representation 
of data. Such kind of representation reveals some important features of the data. Note 
the image below. 


For checking our heart rate and rhythm, doctors do an electrocardiogram, or ECG, 
whose graph looks almost like this. By looking at such graphs, doctors diagnose heart 
attacks, heart diseases, abnormal heartbeats etc. and give prescriptions. Also, you have 
consistently learned in previous classes about measures of central tendency to find 
values that represent the data collected. When it comes to decision-making, central 
values give us a rough idea. But more accurate conclusions require careful analysis and 
interpretation of the data. In that case, we also need to know how the data are scattered 
around the central value. 


Let us discuss the matter through an example — 


As you know, every year district wise “T - 20 School Cricket” competition is organized 
with schools of your district. As usual this time as well your school cricket team 
participates in that competition. 


Suppose, the runs scored by two batsmen A and B of your school in ten matches in a 
competition and the final match’s batsmen’s (frequency) table are as follows: 


Batsmen A: 30, 91, 0, 64, 42, 80, 30, 
5, 107,71 


Batsmen B: 53, 46, 48, 50, 53, 53, 58, 
60, 37,52 


Suggestions = 


Make two teams with the learners of your 


class. Organise some cricket matches with 
them. Then collect the scores of any two or 
three batsmen and bowlers. 
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Frequency table of the final match 


Over 1-4 s=8 9-12 13-16 17 —20 
Run 24 32 36 38 30 
, us find batsman A’s average run: > Gi, us find batsman B’s average run: 
= i 
= d 


Ge us find the median of the run of batsman a> Let us find the median of the run of batsman B 
Let us arrange the data in ascending order, Let us arrange the data in ascending order, 


What value do you get by determining the mean and median of the runs scored by both 
batsmen? Average and median of the runs of both the batters are same. Do you think 
that these two players have the same skills? Not at all. Because in an equal number of 
matches, batsman A’s run range is (0-117) and batsman B’s run range is (46-60). Can 
you notice any difference in the consistency of skill of two batsmen? If yes, briefly 
write your opinion with reasons in the blank box below: 


(— * 
Brain storm 


< we 
Let’s plot the scores of both batsmen through the dots on the number line to test your 
hypothesis. 
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A numerical representation of batsman A’s scores on the number line. 


0 10 20 30 40 50 60 70 80 90 100 110 120 


A numerical representation of batsman B’s scores on the number line. 


0 10 20 30 40 50 60 70 80 90 100 110 120 


By observing the above two figures, we can see that the score points of batsman B are 
very close to the central values (mean and median). On the other hand, batsman A’s 
score points are scattered far away from the central value (mean and median), even 
though their runs average and median are the same. 


So we can say, the measurement of the central tendency of the collected data is not 
enough to take an objective decision on any issue. The dispersion of the data relative 
to the central value should also be measured because it verifies the correctness of the 
central standard. The smaller the dispersion of the data series, the more representative 
the central values are. Dispersion measures the consistency of data values. The wider 
the dispersion of data are, the more inconsistent the values are. 


Therefore, in this chapter we will know about the importance and methods of 
determination of Measures of Dispersion. 


# 


As you must have understood from the above 
discussion, the dispersion is the difference between 
the central value and the other values of the data. It 
gives an idea of how far other values are from the 
central value of the data. According to A.L.Bowley, 
“Dispersion is the measures of the variation of 
the items”, that is, dispersion is a measure of the 
variance of the elements of a data series. 


So, the mathematical measure which measures the 
distance from the central value of a measurement to 
other values can be called spread measure. 


Se 


As you already know, the main purpose of measuring dispersion is to compare two 
or more data series. Different types of measurement of dispersion are used based on 
nature of the data series. However, in this class we will try to briefly learn about range, 


Statistician A. L. Bowley 
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mean deviation, variance and standard deviation from different types of measurement 


of dispersion. 


Range 


Range is the difference between the largest value and the smallest value of a data set. 
However, in the case of categorical data, the range is the interval between the upper 
limit of the last class and the lower limit of the first class. The range is usually denoted 


by R. 


= NS ae 


members in centimeters or inches to 
determine the range. 


% fo 


. 
Individual task: 


Measure the height of your family| | Range is always positive, why? 


le! >) 


‘ 


The n number of values of a variable x are x,, x,, X,,...,%,, 
respectively. Take the smallest value of them which is x, 
and the largest value of them which is x,,. So the range is 
= R=, =%, 01, KR =ke=2,| 

In case of structured or classified data: 

Let us assume L, be the upper limit of the latest class and 
L, the lower limit of the lowest class 


n case of unstructured or uncategorized data: >) 


is-R=L-L 
oo , , Z 


Individual task: 1 


Instructions =) 


If the mass number of the 
first class of a population 
is 0 (zero), the next class 


after the first class should 
be treated as the first 
class in determining the 
range. Then determine 
the range. 


a) Determine the range of the following set of data -12, -7, -2, 0, 7, 8. 


b) Suppose, the class wise attendance list of 62 students in your class in an average 


month was as follows. 


Number of 
attendance 


(23 4-6 19 IO = 12 | 13 = 15: |) bo— 18 


Number of 
students 


2 2 7 12 


30 8 
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Do the calculations in your own notebook and write the results in the box below: 


4 * a) the range (R) that get after calculation, is = 


¢ b) the range (R) that get after calculation, is = 


Single task: 2 > 


The tallest flowering plant in your garden is 75.06 cm tall and the plants range in 
height from 15.37 cm. Find the height of the smallest flower. 


y 


The role of Range in decision making 


A very simple method is to measure dispersion by 
determining the range. Its value can be determined in 
a very short period of time. Only the maximum and 
minimum values of the data are used to determine 
the range and all other values are ignored. Not 
only that, but the range cannot be measured if the 
lower and upper limits of marginal classes are free 
in categorical data. But it instantly gives an overall 


Range of first 15 prime numbers 


idea of the spread of a dataset. In practice, the mean fs 


interval is much more commonly used as a measure 
of spread than the range. 


The use of Range in our daily life 


As we know, range is not a representative measure of dispersion. So it is not widely 
used in practical life. However, the use of range in certain cases is undeniable. For 
example: 


(1) We listen to the weather forecast on radio or television every day. If you notice, 
you will see or hear that meteorologists talk about the maximum and minimum 
temperature instead of the average temperature when describing the daily 
temperature. That is, they use a range of data. 


(11) Many of you must have heard about the stock market. In the stock market, the prices 
of shares go up and down continuously. So both share buyers and sellers need to 
know the minimum and maximum price range of the share. If the share price range 
is known, there is less chance of losses for share buyers and sellers in the bargain. 
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Group Work 


(i) Divide yourselves into groups and measure the height 
(in inches) of all the students in your class. Determine 
the range of data obtained. 


(ii) Classify the data with appropriate class intervals. 
Now determine the range of hierarchical data. 


Mean Deviation 


Mean interval is a type of dispersion measure that measures the distance from the 
mean of each value in a data series. That is, to measure how far the data is on an 
average from the central value of the data series. We know, "The sum of the deviations 
of each value of the data from their arithmetic mean is zero." So if the positive and 
negative signs are taken into account while measuring the interval, then measuring 
the average interval is completely meaningless. Therefore, the absolute value of the 
interval is considered without taking into account the signs when measuring the 
interval from each value. The mean difference is the value that we get from the sum 
of the absolute values of the differences of numbers between the mean, the median 
\and the mode in a chart/ record which 1s divided by the total population. ) 


_ dD 
Let’s calculate ifthe sum of the deviations from the arithmetic A 


mean of the data values is zero or not. 


¢ Show that the 
mean interval 
determined from 
: the median is the 
.. The sum of the deviations from the mean D(x, — xX) smallest. 


= (5 —32) + (12-32) + (36 — 32) + (40-32) + (67-32) | |" ule ey = 


=-27-20+4+8+35=47-47=0 two unequal data 
is half of their 
range. 


S dj 


Suppose, there are 5 members in your family whose ages (in 
years) are 5, 12, 36, 40 and 67 respectively. Average age of 
family members X = 32 


So we can say, “The sum of the deviations of each value of 
the data from their arithmetic mean is zero.” 


@iradiataaltcreie 


Find the sum of the runs scored by batsmen A and B and their arithmetic mean 
deviation. 
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Determining the mean deviation for unstructured or uncategorized data 


Suppose, the number of absent students in your class for the last eight days is: 3, 6, 6, 


7, 8, H, 15, 16 (What to do in determining the mean > 
We have to do three things to find the mean deviation: 
deviation of the data series ¢ First find the mean of the data series 


¢ Finding the variance of each data set 
Stage - 1: First find the mean of the 


from the deterministic mean 
numbers on absent students 


¢ Averaging the differences 
Average of numbers Ae ree 


27 6T67 P87 Ils 15 16 
8 
alee 


ais 


Stage - 1: Find the difference of each value of the data from the mean number 9: 


Numbers on absent students 3 6 6 7 8 11 15 16 


Difference of each value 
from mean 9 


O tt 2 se &@ > G F & 10 11 12 13 14 15 16 17 18 


Average 


Step — 3: Now let us determine the average from 


the difference of each value from mean 9. 


mean deviation 
< GOPStR S21 tl P6r7 
8 


In the case of a mean interval, the 
sum of the intervals to the left and 
right of the mean will be equal. 
The figure averages 9. Check the 
correctness of the statement. 


_ 30 _ 
= = 3.15 
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So, the mean of the number of absent students in your class for the last eight days is 9 
and the mean deviation is 3.75. By calculating the mean deviation, you can understand 


how far other values are from the mean. 
Calculate the mean deviation for unstructured or uncategorized data by 
the formula: 


Consider that any x variable has n number of values 
, X_ respectively. 7 


So to find the mean interval of the data series we can 
follow the following steps: \ 


Step — 1: Finding the arithmetic mean X of the data. 


Step — 2: Finding the interval of X from each value 
in the data. 


Step — 3: Determine the absolute value of the interval of x from each value in the data. 
Por examples |, = 2|5[%o= Wl. a= Fl soasies be 


Step — 4: Finding the mean of n number of intervals. 


nl 


db, — *| 


i=l 


It means, the mean = i 


Following these four steps, the 1 number of deviations that we have determined is called 
the formula of “Mean deviation determined from arithmetic mean” of unstructured or 
uncategorized data. 


y > >» 


Similarly, the deviation of unstructured data, determined from the 


So, median (M.), is called the “mean deviation determined from the 
Mean deviation median” and when determined from the range (M_), it is called the 
determined from “mean deviation determined from the mode”. 
arithmetic mean, N 
se ; 2 |, = M] 
a | 4 .. Mean deviation from the median, M.D (M.) = = 

eX n 
M. D@)= ———__ Ly, —-M| 

E ”. Mean deviationfrom mode, M.D (Mo) = — 
be A J 


Example - 1: Let’s calculate the mean deviation from the arithmetic mean of runs 
scored by batsman A using the formula: 
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Step — 1: Arithmetic mean of runs scored by batsman A, x = 53 [You have already 
determined] 


Step — 2: Find the difference (|x,— |) of each value of the data from the arithmetic 
mean, x = 53 


(‘Stage —3: > (Individual task: >) 
“. Mean deviation M.D(X) || a) Find the mean deviation 
Yb — x] 316 between the median and the 
ae = mode of the runs scored by 
n 10 batsman A. 
= 31.6 


, b) Find the arithmetic mean, 
That is, the difference in | | median and mode of the runs 
runs scored by batsman A | | scored by batsman B. 


from the arithmetic mean ; 
is 31.6. In this case we can | | ©) Review the mean difference 


117 64 say that the gap is very | | of data obtained from batsmen 
cs) 18 high, the consistency of || A and B and present your 
Yix, — x| =316 batsman A's skill is low. opinion about their abilities. 
< y% d 


Determining the mean deviation of categorical data : 


Consider, the midpoints of n number of classes of a mass distribution are x,, x,, 
Tinaaueeeds , x and their periodic mass numbers are f,, f,, f,,...-.+++- , f, respectively. 


First, the arithmetic mean (x), median (Me) and mode (Mo) of the categorical data 
should be determined. Then the mean deviation of the data can be calculated using the 
formula below. 


(Formula for determining the mean deviation >») In previous 
of categorical data: classes I 
(1) Mean deviation determined from arithmetic mean [ learned to 

dF, x, - | r calculate the 
i n ‘ arithmetic 
(ii) Mean deviation determined from the median mean (X), 
y i Lx, es M] median (M.) 
> and extreme 
(iii) Mean deviation determined from the mode (M,) of 
sy lx.—M | categorical 
- a data 


. u dj 
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Example 2: Let’s calculate the arithmetic mean to determine the mean deviation using 
the chart/ table of the final match: 


1-4 
24 


= 8 
a2 


9=12 
36 


13 = 16 
38 


Over 17-20 


30 


Run 


Arithmetical average, 


Suppose, assumed average, a = 10.5 


X=art xh Class interval h = 4 


= ac" es i Total run , n =160 
1 


S105 045 iu als 


= 0.25 


For calculating the mean deviation, let us first make the following table: 


class | Midpoints; Run | Step deviation} f,u, Ve ail ex 
a of ae (7; = a x = 10.95 

1-4 25 24 —2 —48 8.45 202.8 
5-8 6.5 32 —] —32 4.45 142.4 
9-12 | 10.5=a 36 0 0 0.45 16.2 
13-16 14.5 38 1 38 355 134.9 
17-20 18.5 30 2 60 Tas 226.5 


Example 3: Calculate the difference between the median and the mean using the table 
of the final match: 


Run 


Class Range (Over) 


1-4 
24 


5-8 
32 


9212 
36 


I3=16 
38 


I7=20 
30 
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Eleres 


: n h 
Median, M,=L+ Ge Se) Nae 


I =o) B56, 
f =36,h=4 
and n = 160 


= . de 
9 + (80 - 56) x 36 

=9+2.67 

= 11.67 (approx.) 


class interval | Midpoints Run Number of bx —-M | 
(Over) of classes (f) sequential : JM 
(x) u runs (F,) M, =] 1.67 
1-4 22 24 24 O17 220.08 
5-8 6.5 a2 56 S17 165.44 
9-12 10.5 36 92 LAg 42.12 
13-16 14.5 38 130 2.83 107.54 
17 —20 18.5 30 160 6.83 204.9 
n= 160 » F(x, -M,] = 740.08 
Here, > = “ = 80 .. median will be the 80" term. As 80" term is in the range 


(9 — 12), the median range of the data will be (9 — 12). 


Group Work: Divide all the students of your class into groups and measure each 
group's height (cm). Now construct a hierarchical table of the obtained heights with 
appropriate class deviation. Using the table, determine mean deviation from (1) 


Arithmetic mean (ii) Median (iii) Mode respectively. 
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Standard Deviation 


Carefully Observe the three data sets given below. 
X= {12, 7, 6, 5, 4, 3, 2} 

Y= 712,10, 10,9, 9, 9.2.2} 

Z= {12, 4, 4, 3, 2, 2, 2} 


It is clear that the range of the above three sets of 
data is the same and is 10. Besides, the range does 
not depend on all values of the array. It is affected 
by extreme values and sample deviations. But 
a closer look at the above three data sets shows 
that there are differences in numbers and even in Karl Pearson 

their central values. Although the mean deviation 

is dependent on each value in the data series, it is again determined by the absolute 
value of the deviation. Hence it cannot be used in any subsequent algebraic process. 
Moreover, since negative deviations are mathematically treated as positive to obtain 
the absolute value, it is prone to error in many cases. Therefore, a new measure is 
needed to resolve the true variance among all values in the data series. In this case, 
standard deviation plays a more effective role. In 1983, Karl Pearson introduced the 
concept of standard deviation. 


But before knowing the standard deviation we need to know about Variance. 


Variance 


You must have remembered that the absolute value of the deviation was used to 
determine standard deviation from arithmetic mean or median. But why? Briefly write 
the reasons in the box below. 


: 
Brain storm 


\ e 


We can also solve the problem of using absolute values in determining the mean 
deviation in another way. Square the deviation between each value of the data and their 


mean or median. In that case the square of deviation must be non-negative. 
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Suppose, a variable x have n number of values x, , X,, Xy,.......-. , X,, respectively and 
their arithmetic mean X. Then, the equation will be, (x, - X)? + (x, -X) + Q, - x 
tat (t= xX) = 3 (x, - Xx). If the sum of the squares of the deviation is zero, then 


(x, - X) must be zero. In that case there will be no difference between mean and values. 
But if the value of D(x, - X) is very small, each value in the data series will be very 
close to the arithmetic mean or central value. That is, the deviation of dispersion will be 


less. In that case we can say, the values of the dataset are much more consistent. 


Let's try to understand the matter through an example: 


Aleya’s family has 6 members and their ages are 5, 15, 25, 35, 45, 55 years respectively. 
Average age of family members x = 30. [Check the calculation] 


In this case, the arithmetic mean is the sum of the squared deviations of each value 
from X 


ue -xy’=(5- 30) +(15 - 30) +(25 - 30) + (35 - 30) + (45 - 30)? + (55 - 30) 
=(-25))3-Clo yr oy t oy Us ay 
= 625 +225 +254+25+4+ 225 + 625 = 1750 


On the other hand, Thomas's family is a close family. There are a total of 31 members in 
the family. There is always a festive atmosphere at home. The ages of Thomas' family 
members are 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 
35, 36, 37 respectively. , 38, 39, 40, 41, 42, 43, 44, 45 years and the mean of their ages 
is Y = 30. [Check the calculation in this case also] 


» Y¥(y,-¥F =(15 - 30)? + (16 - 30) + (17 - 30)? +..-+(45 - 30)? 
i=l 

= (-15)? + (-14)? + (-13)? +...4 15 

=2 (12+ 22 +..415?) 


- 15 x (15+ 1)0+ 1) For all natural numbers n 
6 12+ 22 + 32 + .o+ n= n(n + Qn + 1) 
=5 x 16 x 31 =2480 e 


By reviewing the two calculations given above, it can be seen that the arithmetic 
mean of the ages of the family members of Aleya and Thomas is the same. But the 
age dispersion of Aleya's family members (50) is greater than the age dispersion of 
Thomas's family members (30). 
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So we can say, in the case of dispersion measurement, the problem will not be solved 
only by finding the sum of the squared data of the data series and their arithmetic mean. 
We need to determine the mean of the sum of the squares of the data in the data series 
and their arithmetic mean. 


Yea, 


=] 


It means we need to determine 


=|- 


For example, in the case of Aleya’s family, we will get: i =>, -x)/= ° x 1750 = 291.67 


And in the case of Thomas’s family, we will get: , — > @,- - X)? = — x 2480 = 80 


It is also clear from the results of the two ‘aisles that the ee age of Thomas's 
family members has a much larger age dispersion than that of Aleya's family members. 


Therefore, + » (x, - ¥)° can be a suitable medium to measure dispersion. And this is 
i=l 


Variance. It is denoted by the symbol o? (read sigma square). 


c » 4 " 
So the value obtained by dividing the 


sum of the squares of the deviation of 
the arithmetic mean from each value of a : 
data series by the total number of data is members respectively 

called Variance. and 


. qa er 


Age variance of Aleya and Thomas family 


Let us determine Variance through formula : 


( In the case of unstructured or \ ( In the case of structured or categorized 


uncategorized data: data: 


Ifa variable x has n number of values| |A variable x has n number of values x,, x,, 
Py x and their arithmetic| |%---» ¥, respectively whose mass numbers 
Pee Bre 


mean is X respectively, ate fi Sos ody d ae Now if the 


; ee 
variance is © <2, x) Wee eee y fs,- =! 


pial 
q » % ae 


Example 4: Let’s calculate the Variance of runs scored by batsman B using the 
formula: 


Step — 1: Arithmetic mean of runs scored by batsman B, x = 53 [You have already 
determined] 
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Step — 2: Calculate the difference x, - X)° of each value of the data from the arithmetic 


mean, X =5: 

Run x, Ban (R= UP 
53 0 0 
46 -7 49 
48 -5 25 
50 -3 9 
53 0 0 
53 0 0 
58 5 25 
60 7 49 
a7 4 16 
52 -1 1 

s(x, - ¥ = 174 
i=l 


4 " 


Step — 3 
”. Variance 07 = 7 Y ear 
i=T 
_174 
10 
=17.4 


.. Variance 17.4 


Unstructured or uncategorised data does not 


need to be sorted to determine the variance. 


Let us create a formula from another formula 
Already you have learnt how to determine variance using this formula + pa Ear ae 
i=l 


What if we could simplify this formula a bit and make it more user-friendly? So let’s try: 


2 
X. 
2X; _ dx; 1 n 2 
= - 2x. + x 
n 7) nN j=] 
3 2 n 
Xx: 
— 1 ! ~ 2x i=l! 1 
n 
n 
dx; 1 _2 
= —-4x +—nx 
n nN 


[Brainstorm AN 


In which case Variance will be 
the lowest? 


i ae! —2 —2 . a2: 
uae (x tx +X he wimes > ) 
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y 2 
x 
LX; ney 4 ol 
=! _o¥.¥ +X 
n 
_ By Brain storm a 
dx; oD = 29 2x, oe) 5 5 : 
= -2x +x = - Find the arithmetic mean and 
n n 


standard deviation of the first n 
numbered natural numbers. 


”. Variance 6? = > . What is the reason of considering the use of 


n nn 

yx? zal 

i ee i 
n 


this formula relatively simple in determining Variance? Express your opinion 
in one or two lines. 


Pair work: 


Toss a five taka coin 20 times. Write down the number of times 
you received Shapla in the notebook. Play the game together 10 
times in total. Suppose the number of Shapla in coin toss is 6, 8, 
10, 10, 10, 11, 12, 12, 13, 13. Determine the arithmetic mean 
and standard deviation of the data obtained. 
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Example 5: Calculate the mean and variance using the final match table: 


Class Range (Over) 1-4 5-8 9-12 13 — 16 17 — 20 
Run 24 32 36 38 30 
First create the following table for determining variance: 
Deviation of | Midpoints of} Run if x CC 
classes classes (x,) (f) = cs 
(Over) 
1-4 2.0 24 60 71.4025 1713.66 
S28 6.5 32 208 19.8025 633.68 
es 10.5 36 378 0.2025 T22 
13-16 14.5 38 551 12.6025 478.895 
17 =20 18.5 30 555 57.0025 1710.075 
T= NOOW | fa S2 || ee Uae 4043-6 


.. Variance 07 = 


_ 4543.6 
160 


= 28.40 (approx.) 


> L@,- 2 
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Group work: 


(i) Divide yourselves into groups and 
measure the weight (in kg) ofall the students 
in your class. Determine the variance of the 
obtained data. 


(11)Classify the data with appropriate class 
deviation. Now find the variance in 
hierarchical data in a simple way. 


Standard Deviation 


What is Standard deviation? 


The square root of the value obtained by dividing the sum of the squares of the 
arithmetic mean of the values of a data series by the total number of terms is called 
the standard deviation. That is, the square root of the variance (0”) is the standard 
deviation. The standard deviation is expressed by o (Greek letter sigma) or SD. 


Where and why do we use standard deviation? 


You will be surprised to know that there are many examples in our daily life where we 
are applying mathematical phenomena like standard deviation without knowing it. For 
example: 


1. We allocate an average amount in our daily budget according to our income and 
needs. Without any mathematical calculations, we use a standard deviation to 
determine whether we are spending too much or too little. This is obviously an 
instinctive calculation that my mind does for me. 


2. Moreover, it is widely used in the analysis of data related to various types of 
quantitative research, planning, social activities and industrial performance of 
homogeneous products. 


3. Standard deviation is an important tool that business owners use in risk management 
and decision-making. They use it to develop potential risk management strategies 
for situations such as declining sales or increasing bad customer reviews. 


4. Standard deviation is used in medical research and drug development. You might 
be thinking, how is it possible? As you know, the discovery of a new vaccine for a 
new virus like the coronavirus became imperative. For this, the virus is tested with 
a large number of anti-virals and monitored over time. The average rate of virus 
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eradication in each sample is calculated by means of standard deviation to see if the 


antivirals have the same effect. 


Determine standard deviation through formula: 


On the case of unstructured or uncategorized data > 


a) Direct method: If n number of values of a variable x are 
X45 X55 Xz5-.-, X, respectively and their arithmetic mean X, 
the standard deviation 


n 
_y)\2 
o= | Ea x) or, O= 
n 


b) Simple or approximate mean or simplified method: 
standard deviation, 


Here, A= approximate mean and d=x -A 


fa db 
Brain storm A 


i)What are the mean 
deviation and standard 
deviation of these 
numbers —2x, —x, 0, x, 
Dye J 


ii) If the mean and 
variance of the two 
expressions are 10 and 
4 respectively, find the 
two expressions. 


ii) If the standard 
deviation of the first 


n natural numbers is 


V10, what isn =? 
a 


(In the case of structured or categorized data : 


a) Direct method: A variable x has n number of values x,, X,, X,,.-., x, whose mass 


numbers are f,, f,, f,,...,f, respectively. Now if the arithmetic mean is X, 


> 


Here, A= approximate mean, d= 


XX 


x-A 
h 


and h = class deviation 
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Example 6 : Suppose the weight of 8 students (in kg) 


of your class are as follows. 


49,63,46,59,65,52,60,54 


Let us determine the standard deviation 


of the above data in a simplified way. 


a 


Brain storm 


1) Why is the standard deviation non-negative? 


% 


(ii) In which case, the standard deviation be 


oN 


cece 2 

Number d=x-A d? ( Suppose, approximate mean A = 59 ) 

(x) Here, total mass number n= 8 

46 -13 169 ¥ d=~-24 and 

49 -10 100 Y 2? = 396 

52 By 49 .. standard deviation, 

54 -5 25 oo ae Yd y 
S9=A 0 0 ls A 

60 l 1 396 c 24 ) 

63 4 16 Ce ee 

65 6 36 = 40.5 = 6.36 (approx.). 
n> > d= -24 ¥, d= 396 ™ 


Example 7 : Let us determine standard deviation in a simplified way using the table 


of the final match: 
Class range (over) 1-4 5-8 9-12 13-16 | 17-20 
Run 24 32 36 38 30 
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Class Class 
deviation | middlepoint} Run(f | g-*-A fd fd 
(over) (x) 
[4 o4 24 2 -48 96 
5-8 6.5 32 =I -32 32 
9-12 10.5=A 36 0 0 0 
13-16 14.5 38 1 38 38 
17-20 18.5 30 2 60 120 
n= 160 SH 18 Pyeea 286 


ae 
.. Standarddeviation, o= 2h 7 
n 


ey. 


h Here, approximate mean A 
iW = 10.5 
2 = 160, 4=4, 
= {28 (ike X A= 74S 1133 <4 ‘ 
ee Y fd = 18 and ¥ fa? = 286 
= 5.32 
Individual task: 
The mass number of the weekly wages (in hundreds of taka) of factory workers 
is given. 
Weekly 20 — 22 | 23 —25 | 26 — 28 | 29 — 31 | 32 — 34 | 35 — 37 | 38 — 40 
wages 
Number of 3) 10 26 30 16 8 2 
workers 


a) How much do the workers of that factory get paid on average per week? 
b) Determining the standard deviation of data by the method of assumed mean 


Ze 
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Individual task: 

Suppose, the average yearly electricity consumption (unit) in your household is as 

follows: 

Month | Jan | Feb |Mar| Apr {May/Jun} Jul | Aug | Sep | Oct | Nov | Dec 
Unit | 322 | 335 |370] 883 |985|452| 402 | 380 | 362 | 350 | 340 | 335 


a) represent the data on a number line. 


b) Determine the arithmetic mean and median of the data. 


c) Determine the mean and standard deviation of the data from the arithmetic mean 
and median. 


d) In which two months has the most electricity been used? What could be the 
reason for this? How many units will your electricity cost be on average if you 
exclude the electricity cost of those two months? In that case, how much will the 
standard deviation be? 


e) What measures do you think will give you the maximum benefit in terms of 
electricity consumption throughout the year? 


Exercise 


1) Determine the range of the following data. 
a) 14,3, 19, 17, 4, 9, 16, 19, 22, 15, 18, 17, 12, 8, 16, 11, 3, 11, 0, 15 
b) 48, 70, 58, 40, 43, 55, 63, 46, 56, 44 


—S 


°) |Height (cm) 


95 = lls 


105 — 115 


3} 1123) 


IS = 1135) | ss = 14's 


145 —155 


Frequency 


8 


12 


28 


30 


15 


7 


2) Determine the mean deviation from the arithmetical mean and median of the 


following data. 


a) 8, 15,33, 49,19, 62, 1,195,955 17 
b) 10, 15, 54, 59, 19, 62, 98, 8, 25, 95, 77, 46, 36 
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3) Determine the mean deviation from the arithmetical mean and median of the given data. 


x 60 61 62 63 64 65 66 67 
a3 2 0 I 30 25 12 Ml 3 


4) Sobuj and Mouli spend Tk 50 and Tk 80 respectively for going to school by rickshaw 


5) 


6) 


7) 


every day. 
a) Determine the standard deviation of Sobuj and Mouli. 


b) Show that the mean of the two data is half the range. 


In the following is given the data on the number of patients who visit the Out 
Department of Thana Health Centre for any given day: 
Age 0-15 | 15-30 | 30-45 | 45-60 | 60-75 | 75-90 
N f 
poe 15 4 5 9 7 10 
patients 


a) When is the value of variance minimum? Explain 


b) Determine the mean deviation and standard deviation of the data and then 
compare. 


33.2 is the arithmetic mean deviation of the mass number in the following table. 
Find the value of p by finding the arithmetic mean. 


Class range |0—10]|10—20] 20-30] 30-—40| 40 —50 | 50 — 60 | 60 — 70 
Mass number 8 12 [P | 30 15 10 5 


Nipa has a flower garden. The garden has 60 different varieties of flowering plants. 
The mean height (in cm) of the plants is 28.5. 


Height (cm) OF On Or 20720 30) 3040 540 a0 a rs0r 60) 


Number of trees 5 20 15 5 


a) Find the values of x and y and complete the table. 


b) Calculate the mean height of the trees in a simplified manner. 
c) Determine the mean deviation of the height of the trees from the median. 


d) Determine the standard deviation of the height of the trees from the mean. 
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8) See the picture given beside. In the picture, the height of the six students is given in 


9) 


centimetres. Do the following exercises: 


a) Determine the mean and median of Height 
of students 


b) Determine the mean deviation from the 
mean and median of Height of students 


c) Determine the standard deviation from the 
mean and median. 


The arithmetic mean and standard deviation of a sample of ten members are 9.5 
and 2.5 respectively. Later another member of 15 values was included in the 
sample. Now, find the arithmetic mean and standard deviation of a sample of eleven 
members. 


10)The annual profit (in crores) of 100 companies is given below: 


Profit OO 109 1020 |) 2030) 30 = 40 40350 50-60 
Number of 7 12 DD 30 20 9 


companies 


Calculate the mean deviation and standard deviation from the arithmetic mean of 
the data. 
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